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Introduction

Mathematical models of many processes and phenomena of various natures
(physical, chemical, biological, economic, etc.) are represented by equations that,
in addition to functions, include their derivatives.

A differential equation (DE) is an equation that contains independent
variables, an unknown function, and derivatives (or differentials) of this function.

The differential equation for the function of one independent variable is
called an ordinary differential equation (ODE). In contrast, partial differential
equation (PDE) depends on more than one variable.

The order of the differential equation is the order of the highest derivative
init.

For example,

yy'—x+1=0 is the ODE of the first order for unknown function y(x);

U ,0% .
v =C PV is the PDE of the second order for u(t, x).

In these guidelines, we will study ordinary differential equations.

The process of finding an unknown function from a differential equation is
called solving or integrating a differential equation.

As a result of integrating the ordinary differential equation, the unknown
function can be found explicitly or implicitly (i.e., the unknown function is in
some relation). We say that in the first case, we find the solution, and in the
second — the integral of the differential equation.

In these guidelines, we consider the following topics.

We begin with the study of first-order ordinary differential equations
(ODE). The basic definitions of the differential equation and its solution are given.

The principal the Cauchy's existence and uniqueness theorem is formulated.



We consider various types of first-order differential equations: ODE with
separable variables, homogeneous equations, linear equations, and Bernoulli’s
equations. We study the methods of solving ODE based on their type.

Then, we study differential equations of higher orders. First, we consider
ODEs that allow order reduction by the corresponding substitution. Then, we
study methods of integrating second-order linear differential equations with
constant coefficients, particularly when the right-hand side has a special form.

At last, we consider systems of linear differential equations with constant
coefficients and methods for solving them.

The consideration of each topic is accompanied by a sufficient number of
examples. Finally, students are provided with theoretical questions and tests of

self-assessment.

1 Ordinary differential equations of the first order: basic concepts

Definition 1. The equation of the form:

F(x,y,y)=0, 1)

that contains an independent variable x, an unknown function y=y(x) and its
derivative y’'=y'(x) is called an ordinary differential equation (ODE) of the first

order.

First-order differential equation presented in the form

y'=f(x,y) (2)

solved for the derivative called the explicit first-order ODE.
From a geometric point of view, the equation is solved solved for the

derivative y'= f (x,y) describes the field of directions of integral curves.

6



. d :
Taking into account that y’ :d—y , equation (2) can also be represented as
X

the equation in differentials:
P(x,y)dx+Q(x,y)dy=0. (3)
The following are examples of differential equations in different forms:

y'y +tgx =0 — the implicit first-order ODE;
y'=Inx—y — the explicit first-order ODE;

(2xy —3)dx + (x >+ y)dy =0 — the equation in differentials.

The process of finding an unknown function of a differential equation is
called solving or integrating a differential equation.

Definition 2. The solution of the differential equation (1) in the interval
(a,b) is a function y = ¢@(x) whose substitution into equation (1) tums it into an
identity.

If a function, which satisfies equation (1), is found in implicit form, then it
is called the integral of the differential equation (1).

The graph of the solution function y = ¢(x) is called the integral curve.

Example 1. Consider the differential equation y'=2x.

The function y = ¢ (x) = x turns it into an identity: (xz), =2x, i.e.itis the
solution to this first-order differential equation. However, the functions
@, (X) = X2 +1, @3(X) = x2—~f2, as well as any function of the set
{x2 + C,VC € R}, are also solutions to this ODE, since

() =( +1) =[x -2)

!

:(x2+c)':2x, VCeR.



The integral curves of the given equation are parabolas.
Theorem 1 (Cauchy's existence and uniqueness theorem). Let the function

f(x,y) and its partial derivative f,(x,y) be defined and continuous in the open

domain D = R?. Then, for any point (Xg,Yg) € D, there is a unique solution to

equation (2) y=e(x) that satisfies the condition:

Yo =@(Xp) - (4)

Definition 3. Condition (4) is called the initial condition, and the problem
of finding the solution to the differential equation (2) under condition (4) is called
the Cauchy problem.

Theorem 1 states that, under certain conditions, there is a unique solution
of the Cauchy problem.

From a geometric point of view, Cauchy's theorem states that under certain

conditions only one integral curve passes through one point of the plane Oxy.

The points at which the conditions of the theorem are violated are called
special. Several curves may pass through them or none at all.
Definition 4. The general solution of a first-order differential equation is a

function
y =¢(x,C), (5)

which depends on an arbitrary constant C € R and such that:
1) it satisfies the equation (2) for arbitrary real values C;

2) for any given point (X, Y ), we can find a value of C =C, such that the
function satisfies the initial condition ¢(xy, Cg) =Y -

Definition 5. A particular solution of a first-order differential equation is a

function ¢(x,C,) obtained from the general solution y = ¢(x,C) of an equation
by assigning a specific value C = C, to the arbitrary constant.

8



Thus, the Cauchy problem is to find a particular solution that satisfies the
given initial condition.

From a geometric point of view, the general solution of the equation
describes the set of all integral curves. The particular solution (Cauchy problem)

selects one of these curves, namely, the one that passes through a given point

(Xo» Yo)-
Example 2. Let us solve the Cauchy problem for the differential equation:

{y’ =2x
y(2)=3
The general solution of the equation is of the form:

y:x2+C, VCeR.

To find the constant corresponding to a particular solution, we substitute

the initial condition y(2) =3 into the formula of the general solution:

3=2°4+C = C=-1.

Thus, the solution to the Cauchy problem is the following:
y= x> -1,

A singular solution of a first-order differential equation is a solution that
exists at each point where the uniqueness condition is violated (for example, when

the function f(x,y) or its derivative f/(x,y) is discontinuous). Singular

solutions cannot be obtained from the general solution of the differential equation

9



for any value of an arbitrary constant. The graph of a singular solution is the
envelope of the family of integral curves of the differential equation, i.e. a curve
that is tangent to at least one integral curve at each point.

Definition 6. If, when solving a differential equation, the general solution

Is obtained in an implicit form, then the relation ®(x,y,C)=0 that defines it is

called the general integral of the equation. The relation obtained from the general

integral for a specific value of the parameter C =C,: ®(x,y,Cy) =0, is called the

particular integral of the equation.
Next, we turn to the study of different types of differential equations and

the corresponding methods for solving them.
2 The simplest differential equations
Definition 7. Equations of the form
y'=f(x) (6)
are called the simplest first-order differential equations.

To find a general solution, one multiplies both sides of the equality by dx

and integrates:

jyﬁx:jf(xxm;

yzjfumx+c.

Example 2. Solve the equation: y'=cos2x.

Solution. Indefinite integration gives the general solution of the equation:

.[ y'dx = Icos 2XdX;

10



S|n2x+C.

Substituting the found solution into the given equation proves the

correctness of calculations:

(sm22x +Cj =Cc0s2x, VXxeR

Answer: y= S|n22x +C.

3 Differential equations with separable variables
Definition 8. A first-order differential equation of the form
y'=1(x)-9(y) (7)
is called differential equations with separable variables.

To integrate such equations, we first need to express the derivative as a

fraction of differentials:

%:f(x)-g(y).
X

Next, we need to transform the equation so that the left-hand side depends

only on y, and the right-hand side depends only on x:

W _f(x)dx, (g(y)=0).
a(y)

11



Further integration of the left-hand side of the equality by the variable y

and the the right-hand side by the variable x will allow obtaining the general

integral (implicit solution) of the original solution:

dy _
jg(y) jf(x)dx+c.

The condition g(y)=0 is considered separately. There are three possible

cases.

e g(y)=0 does not give a solution;

e this condition corresponds to a particular solution;

¢ the condition provides a singular solution.

Example 3. Solve the equation: y' = 2
X

Solution. We have a differential equation with separable variables. We

write the derivative as the fraction of differentials:

dy _»

dx x

Divide the equation by y = 0 and multiply by dx to separate the variables:
dy dx
T (y=0).
y X

Now we integrate both sides over the corresponding variables:

d d
-

12



In|yl=In|x|+In|C| (C=0).

In the last equation, for convenience of further transformations, an arbitrary

constant is written in the form In| C|(C = 0). From the last equality we obtain the

general solution of the given differential equation:

y=Cx (C=#0).

Then we check the function y =0 and establish that it satisfies the given

equation. We see that this particular solution can be added to the general one by
rejecting the condition C = 0. Finally, the set of solutions of the original equation

is as follows:

Cx, VCeR.

<
I

Answer: y=Cx, VCeR.

Remark 1. The differential equations of the form
y'= f(ax+by+c)

can be reduced to an equation with separable variables by replacing of the

unknown function y(x) with

u=ax+hby+c;

!

then u'=a+by < y:%(u'—a).
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4 First-order homogeneous differential equations

Definition 9. The function f(x,y) is called homogeneous of degree k, if

for any A =0 the following equality is holds:
f(Ax,Ay) =25 f (xy).

Definition 10. First-order homogeneous differential equations are equations

of the form
y'=f(xy),

where f(X,y) is acontinuous homogeneous function: f(Ax,Ay)= f(X,y).

In addition to the definition, the following criteria can be used to identify
the homogeneity of the ODE:

1 A homogeneous equation can be represented as

fj. ®)

2 All terms of a homogeneous differential equation have the same degree

in the totality of variables x and vy.

For example, in the differential equation

0 =y,

the degrees of all components in the totality of variables x and y are the same

and equal to 1, and on the other hand, it can be represented as

14



y’=X+\p,
X X

where the right-hand side is a function of the form f(xj, and therefore
X

homogeneous:

f(Ax, ly):ﬂ+,/ﬂzl+\/ng(x, y).
AX AX X X

A homogeneous differential equation is reduced to an equation with

separable variables by replacing an unknown function y = y(x) with u=u(x):

u=2 = y=Uux, y'=ux+u. 9)

X
Indeed, equation (8) takes the form:
ux+u=f(u)),
which is an equation with separable variables for a function u=u(x):

,_f(u)-u
X

Example 4. Let us solve the equation: xyy'= X2 + y2 :

Solution. Since all components of the equation have the first degree in the

totality of variables x and vy, itis a first-order homogeneous differential equation.

15



On the other hand, if we represent this equation in explicit form (solve for

the derivative of the unknown function), we obtain the equation of the form (8):

y’:£+z, (xy #0).
y X

Finally, the right-hand side of this equation is obviously a homogeneous
function:

Fx Ay =22 XYt y).

Ay Ax y x

Since the given equation is homogeneous, we use the substitution (9) and

obtain:

_y T 2 ! _1 .
U==, y'=uXx+u = UX+Uu=—+uU;
X

u
o1
u'x=-—.
u
We have an equation with separable variables, so we apply the standard

. . . . , du
procedure: we represent the derivative as a fraction of differentials u =i and
X

separate variables:

du 1
—XZ—,
dx u
udu:%.
X

16



Now we integrate both sides of the equation to obtain the general integral

for the function u:

dx
Iudu :J-T,

2
u
= =In|x|+C,.
- =In|x|+C;

We return to the unknown function y=ux and obtain the general integral

of the original equation:
»* =x*(2In|x|+C), (C =2¢).

The condition xy =0 does not give singular solutions.

Answer: y° =x2(2ln | x|+C).
5 Linear differential equations of the first order

Definition 11. A linear inhomogeneous differential equation of the first
order is an equation that is linear with respect to an unknown function and its

derivative:
y'+p(Xx)y=9(x), (10)

where p(x) and g(x) =0 are given continuous on some interval functions of x.

Definition 12. If g(x) =0, then an equation

y'+p(x)y=0 (11)

17



is called a linear homogeneous differential equation.
(11) is an equation with separable variables.

We consider two methods of integrating equations (10).

1) Bernoulli’s method (the method of auxiliary functions). The essence
of the method is that the solution of the equation is sought in the form of the

product of two functions of x:
y=u(x)-v(x).
Then the derivative y' is:
y'=u'v+uv',

and after substituting the expressions for y and y’ in the original equation (10)

we obtain:
u'v+V'+ px)vVu=g(x). (12)

The function v(x) we choose so that the factor at u(x) in equation (12)
becomes zero, then according to it determine the function u(x). Thus, we have a
system of equations for finding u(x) and v(x):

{v’+ p(x)-v=0, 13)

u-v=g(x),

whose equations are differential equations with separable variables, that are two

steps of solving (10).

18



First, we integrate the first equation of the system (13) and take the simplest

function v(x) that satisfies it:

& pOv=0;
dx

& podx;

v
In|v|=—.[p(x)dx;
v(x)=e PO

Next, we substitute the found solution v(x) in the second equation of the

system (13) and find the function u(x):

du [ p(x)dx
—=g(x)e :
» g(x)
du = g (x)e! PO gy

u(x) :jg (x)ejp(x)dx dx+C.
Finally, the general solution of linear equation (10) has the form:
Y00 =u(ve=e T PO (gel % axrc).

Example 5. Solve the linear inhomogeneous differential equation of the
first order: y'—2y=¢%".
Solution. We assume that y=u-v then y'=u'v+uv' and the given

equation becomes:

19



u'v+uv'—2uv =e3:

u'v+u(v'—2v) =e*.

Let v'—2v=0, then u'v=e>*, which means the solution of the original

equation reduces to the solution of the system:
v'=2v=0;
u'v=eX,

First, we find the solution of the first equation v'—2v=0;

Q:ZV;

dx

ﬂ:de;

Vv

dv

— =2]|dx;

=2
In|vl=2x+In|C|; (C#0)

v=e?X,

Now we substitute the found function v(x) into the second equation and

solve it for the function u(x):

uv=e¥;
ureZX _ eBx :
u=e-,

ju'dx:.[exdx;

20



u=e*+C.

Thus, the general solution of the given linear inhomogeneous differential

equation of the first order has the form:
y=uv:e2X(eX +C):e3x +Ce?,
Let us make a substitution check:

(e3x + Cer)’ —~ 2(e3x + Cezx) =,

3e3 4+ 2Ce?* — 263X — 2Ce?* =e3%;

e3x — e3x.
We have verified that the obtained general solution y = e¥ + Ce? turns the
equation into an identity.

Answer: y =e3X + Ce?X.

2) Lagrange’s method (method of variation of an arbitrary constant).

The solution of the first-order linear inhomogeneous first-order differential
equation (10) using this method is also divided into two stages.

First, we find the general solution of a linear homogeneous differential
equation of the first order (11), which we obtain from (10) by setting the right-

hand side to zero:

y'+p(x)y=0;

Y pdx;
y

21



Iny| :—I p(x)dx +In|C|;

y=Ce [P g (15)

Now let us substitute into the found general solution (15) of the
homogeneous equation (11) instead of the parameter C the unknown

differentiable function C =C(x), i.e. we will look for the general solution of the

linear inhomogeneous equation (10) in the form
y= C(x)e_I POx)dx (16)
We differentiate (16)
y'=C'(x)e 1 PO% _c(x)p(xje PO
and substitute y and y’ into the initial equation (10):

~[P(x)dx

C'(x)e —c(x)p(x)e PP L peacx)e I PON Z g(x);

C'(x)= g(x)ej POxjdx

By integrating the last differential equation, we find the function C(x) :
C(x) :Ig(x)eI PGy 4 C.

Thus, the general solution of the linear inhomogeneous equation has the

form:

22



y= Ce_I POJdx e_I POx)dx _[ g (x)ej PO gy :

where the first term is the general solution of the linear inhomogeneous equation,
and the second term is the particular solution of the linear inhomogeneous

equation.
It is easy to see that the results obtained by two methods coincide.

Example 6. Solve the linear inhomogeneous differential equation of the
first order from the previous example using the Lagrange method: y'—2y = .

Solution. First, we find a general solution of the corresponding linear

homogeneous first-order differential equation:

y'=2y=0;

ﬂ:—de;
y

In|y|:2_[dx+ln|C|;

y =Ce?,

Now we put C =C(x) in the found general solution, i.e. we will look for

the general solution of the linear inhomogeneous equation in the form:
y =C(x)e?*.
The derivative of this function is equal to:
y'=C'(x)e?* +2C(x)e*".

Substitute y and y’ in a given equation (10):

23



C'(x)e%* +2C(x)e?* — 2C(x)e?* = &3*;
CI(X)eZX _ e3x :

C'(x)=e".
Integrating the last differential equation, we find the function C(x):

j C'(x)dx = j erdx;

C(x)=e"+C.

Substitute C(x) in (18) and we obtain the general solution of the original

linear inhomogeneous equation:
y =e3X 4+ Ce?X,

Answer: y =e>* +Ce?*.

Remark 2. Differential equation of the form
y'+p(x)y=y"g(x), where ne R\{0;1}, (17)

is called Bernoulli’s equation.

Here p(x) and g(x) are given integrable functions.

The Bernoulli equation is a non-linear equation, since the unknown

function y(x) on the right-hand side of the equation has a non-unit power. For
n>0 the function y =0 is a particular solution of (17); when n=0 or n=1itis

linear with respect to unknown function.

24



One can solve Bernoulli’s equation using the aforementioned Bernoulli’s

method, i.e. by looking for an unknown function in the form y =u(x)-v(x).

The second way is to reducing (17) to a first-order linear equation by

replacing the unknown function y(x) with the function z(x) according to the

formula:

.y L :
z(x)=y""; y :1_ny”z .

6 Higher order differential equations: basic concepts

Definition 13. An ordinary differential equation of order n is the equation:
F(x, AR (”)):0, (18)

that relates an independent variable x, an unknown function y=y(x), and its

derivatives y',y",...,y™.

Definition 14. A differential equation
y™ = f (x, VoY Y y(”‘l)) (19)

resolved with respect to the highest derivative is called the explicit ODE of order

n.

Definition 15. An n times differentiable function y=¢(x) onaset D, the

substitution of which into ODE (18) turns it into an identity is called a solution of
n-th order differential equation on D .
Definition 16. The Cauchy problem for n-th order ODE is to find a solution

of the equation that satisfies the following n initial conditions:
25



V(%) = Yo Y'(%0) = Yo, - YD (x0) = y§ Y. (20)

Definition 17. The general solution of a differential equation of the n-th

order is a function
y=¢(xC.Cy....Cp), (21)

which depends on n arbitrary constants C;,C,,...,.C,, C; € R, i =1,n and satisfies

the following conditions:

1) the function y=¢(x,C;,C,,...,C,) is the solution of the differential

equation for any constant values C;,C,,...,C,,;
2) for arbitrary initial conditions (20) there are such constants C,C5,...,C>
under which the solution y = go(x,Cf,CS,...,C,?) satisfies the initial conditions.

Definition 18. A particular solution of the n-th order differential equation

is a function
y=<o(x,Cf,C§,...,C,?), (22)

that is obtained from the general solution y = ¢(x,C;,C,,...,C,,) at certain values

of the constants C; =C_, i =1,n.

Definition 19. If the general solution of the n-th order differential equation

is found in an implicit form, i.e., in the form of an equation

CD(x, y,Cl,Cz,...,Cn) =0, then such a solution is called the general integral of the

differential equation. An implicit form of a particular solution is called a

particular integral of a differential equation.

26



Theorem 2 (Cauchy's existence and uniqueness theorem). If in the n-th

order differential equation (19) the function f(x, v, Y, ¥, y(“‘l)) IS continuous

and has continuous partial derivatives with respect to variables v, y',y",..., y("™¥
on a set D e R"™, that contains the point (xo, Yor Y0r-eer yé”‘l)), then there is a

unique solution to this equation that satisfies the given initial conditions (20).

Note that in contrast to the first-order differential equation, through each
pointin space R" (n>2) not just one, but many integral curves of the n -th order

differential equation pass.
In the particular case n=2, a second-order differential equation has the

form
F(x,y,y,y")=0, (23)
the explicit form of the second-order differential equation is
y'=1(xy.Y), (24)
and the initial condition has the form
y(X0) = Yo, ¥'(Xo) = Yo- (25)

The general solution of the second-order differential equation is a function

that depends on two arbitrary constants:

yZCD(X,Cl,CZ), Cl’C2 eR.

27



7 Differential equations of higher orders that allow order reduction

Consider the simplest cases of incomplete differential equations the order
of which can be reduced.

1 The equation contains only the independent variable x and the highest
derivative y(":

y™ = f(x). (26)

The general solution of such equation can be found by multiple integrations
of the original equation.

Example 7. Solve the equation: y” =sin2x.

Solution. Integrate both parts of this equation three times and get:

'[y'”dx = jsin 2Xdx;

y”:—%c052x+C1;
Iy”dx = —EJ‘COSZXdX + jCldx ;
2
1. :
y :—Zsm2x+C1x+CZ,

jy’dx = —%Jsin 2xdx + IClxdx + ICde.

Finally, we obtain a general solution of the original third-order differential

equation:

1 x?
yzgc052x+C17+C2x+C3.

28



2
Answer: y =%COSZX+C1X7+C2X+C3.

2 Second-order differential equations that do not contain the explicitly

sought function y:

F(xy.,y")=0. (27)

Changing the original unknown function y(x) to u(x), defined by the

formula
u(x) =y'(x), then u'(x) = y"(x), (28)
we reduce (27) to the first-order ODE for the function u(x) :
F(x,u,u’)=0.

3 Second-order differential equations that do not contain the explicitly

independent variable Xx:
F(y.y.y")=0. (29)
Changing an unknown function y(x) with u(y) by the formula
y'=u(y), y'=u'(y)y =u'(y)u(y) (30)
we reduce (27) to the first-order ODE for the function u(y):

29



F(y,u,u’)=0.

Example 8. Solve the equation: y"=y".

Solution. Since the equation contains neither an the independent variable

X nor an unknown function y explicitly, it is both an equation of types (27) and

(29), so it can be solved in two ways.
1%t method. Use the substitution (28), i.e. let u=y’, then u'=y" and the

given equation takes the form:

Solve the resulting equation with separable variables:

du
_:u;
dx

d—uzdx;
u

In|ul=x+In|Cy;

u=Ce*.

Perform the back-substitution u =y’ , obtaining the first-order ODE for the

original function y(x):

yl — CleX

and solve this equation by separation of variables to find y(x):
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Thus, the general solution of the original equation has the form:

y:C_I_eX+C2, Cl,C2 eR.

!

2" method. According to (30), we assume: u=Yy’, then uu=y".

Substitution of these expressions leads to the simplest equation for the function

u(y):
uUu=u = u' =1.

Integration with respect to y gives us the general solution:

Judy =[dy;

u=y+G.
Now we return to the original variable, substituting u=1y’:
y'=y+C

and solve the equation with separable variables for the function y(x):

ﬂzy"‘cli

dx
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dy =dx;
y+C

In|y+Cil=x+In|Cy].
Hence, the general solution of the original equation is:
y=C26X +Q|_ , Cl,C2 ceR.

Comparing the results, we see that the general solutions found by different

methods coincide up to the notation of constants.

Answer: y=C,e*+C;, C;,C, eR.

8 Homogeneous linear differential equations of the second order with

constant coefficients

Definition 20. A linear differential equation of the n-th order with constant

coefficients is an equation of the form

yM 1ay™ Dy tay=f(x), (31)
where a;, a,, ..., a, are real numbers.

The term "linear" is related to the fact that the equation contains an

unknown function y(x) and all its derivatives only in the first degree.

We will focus on the study of the particular case n=2.
Definition 21. An inhomogeneous linear second-order differential equation

with constant coefficients is an equation of the form

y'+py +aqy=f(x), (32)
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where coefficients p,qeR.

Definition 22. A homogeneous linear second-order differential equation is

an equation with zero on the right-hand side:
y'+py'+ay=0, p.geR. (33)

Consider the properties of the solutions of the equation (33).

Theorem 3. If a function y = y;(x) is a solution of equation (33), then any
function y =Cy;(x), where C is an arbitrary constant is also a solution of this
equation.

Theorem 4. If the functions y;(x) and y,(x) are the solutions of equation
(33), then their sum y = y;(X) + y,(X) is also the solution of this equation.

Definition 23. Two nonzero solutions y;(x) and y,(x) are called linearly

dependent in the interval (a,b)if their ratio is equal to a constant number: N A,
Y2

A—const. Otherwise, the solutions y;(x) and y,(x) are called linearly

independent: N, , Where A —const.

Y2
Definition 24. A set {y;(x), y,(x)} of linearly independent in the interval

(a,b) solutions of (33) is called a fundamental system of solutions for this

differential equation.

Definition 25. The Wronskian of two differentiable functions y;(x), y,(x)

IS a second-order determinant whose elements are the functions themselves and

their derivatives:

Y1 Y2

W(X) =W (y;,Y,) =
1 Y2

= Y1Y2 — Y1Y2. (34)
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Theorem 5. Solutions vy;(x), Yy,(x) of the equation (33) form a
fundamental system of solutions if and only if W (y;,y,) =0 on (a,b).
Theorem 6 (on the structure of the general solution of a homogeneous

linear second-order differential equation). If {y;(x),y,(x)} is the fundamental

system of solutions of equation (33), then its general solution has the form
Yo (X) =Cry1(X) + Cay,(x), (35)

where C,, C, are arbitrary constants.

Thus, the general solution of equation (33) is a linear combination of the
functions of a fundamental system of solutions.
Definition 26. The characteristic equation of a homogeneous linear second-

order differential equation with constant coefficients
y'+py'+ay=0, p,geR

is the following quadratic equation for a numerical parameter k
k?+ pk +q=0. (36)

The fundamental system of solutions of a homogeneous linear equation
(33) and, as a consequence, its general solution depends on the form of solutions
of the characteristic equation (36).

There are 3 cases:

1) roots of the characteristic equation (36) are real and different (D >0);

in this case, a fundamental system of solutions is {eklx,ekzx; ki, Ky e R; Ky # kz} X
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2) (36) has a single real root with multiplicity 2 (D=0); then a
fundamental system of solutions is {ek", xek"; ki =k, =k e R} X

3) (36) has complex conjugate roots (D <0), a fundamental system of
solutions takes the form {e“" cos Bx,e“"sin Bx; ki, =a+if e C}.

Table 1 illustrates the correspondence between the roots of the
characteristic equation (36) and the general solution of the homogeneous linear

equation with constant coefficients (33).

Table 1 — General solution of a homogeneous linear equation

Roots of the
characteristic General solution of the equation
Ne equation y"+py' +qy=0
k? + pk +g=0
1 kpkyeR; Kk #ky y, =Ce%" +Cel¥, vC,,C, eR
2 [ky=k,=keR Yo =(Cy +Cyx) €, V(,,C, eR
3 |kuky€C; kip=axif |y, =e**(C cosBx+C,sinBx),V(C,,C, eR

Example 9. Find the general solution to the homogeneous linear equations
with constant coefficients:

a) y'-5y' +6y=0;

b) y"+6y" +9y=0;

c) y' -4y +13y=0.

Solution.

a) For the given equation y"-5y'+6y=0 compose a characteristic

equation
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k? -5k +6=0
and find its roots using Vieta's theorem:
kl = 2, k2 = 3

Since the roots are real and different, we have the first case. According to

Table 1, we write the general solution:

Yo =Ce**+Ce>, C,C,eR.

b) From the equation y"+6y'+9y =0 compose a characteristic equation

and find its roots:

k> +6k +9=0;
(k+3)2:0;
ky=kp =k =-3

We have a single root of multiplicity 2, so the general solution has the form:

Yo =Ce > +Coxe™>,  C,C,eR.

¢) The characteristic equation for y"—4y’+13y =0 is of the form:

k?—4k +13=0.

The discriminant of this quadratic equation is negative:
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D=4%-4.13=—-36

and the roots are complex conjugates:

k1,2: = :2i31

According to Table 1, we write the general solution of the given equation:
Yo = ezx(C1COS3x+ C,sin3x), C,C,eR.

Answer: a) Y, =Cle2x +C2e3",C1,C2 eR;
b) y, =Ce > +C,xe*,C,,C, €R;

) Yo, :ezx(C10033x+ C,sin3x),C,C, eR.

9 Inhomogeneous linear differential equations of the second order

with constant coefficients and the right part of the special form

In this section, we study the properties of solutions of inhomogeneous
linear equations (32) with a special right-hand side and the methods of their
solution.

Theorem 7 (on the structure of the general solution of an inhomogeneous
linear second-order differential equation). The general solution of an
iInhomogeneous linear differential equation of the second order is equal to the sum

of the general solution y, (x) of the corresponding homogeneous equation (33)

and any particular solution ¥(x) of this inhomogeneous equation (32):

y(x)=Y,(x) + ¥(x). (37)
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Definition 27. An inhomogeneous linear equation with a special right-hand

side is an equation (32), whose right-hand side has the form:

f (x) =e® (P, (x)cosbx + Qy(X)sinbx) (38)

where a, b are real constants; P,(x), Qu(x) are polynomials of degree n and m

respectively.
According to the structure of the general solution of the inhomogeneous
equation, the problem is reduced to finding a particular solution of the equation

¥(x), the form of which is determined by the values of the numerical parameters
a, b, n, m of the right-hand side (38).
Theorem 8 (on the particular solution of an inhomogeneous linear second-

order equation with a special right-hand side). If the inhomogeneous equation
(32) has a special right-hand side (38):

f (x) =e® (P, (x)cos bx +Q,,(X)sinbx),

then its particular solution §(x) can be found in the form:

¥(x) = x"e® (U, (x) cosbx +V, (x)sinbx) (39)

where U, (x), Vi (x) are polynomials of degree k :max{ n,m}, and parameter

the r shows how many roots of the characteristic equation coincide with a number

a+bi, i=+-1.

Remark 3. The number r can take one of three values:
r=0,ifa+bi=k =k and a+bi=k,;
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r=1,if a+bi=k or a+bi=Ky;

where k;,k, are roots of the characteristic equation.

Remark 4. To find a particular solution to inhomogeneous equation (32),
we must compose it by formula (39) with polynomials having undetermined
coefficients, and then select them so that the function (39) satisfies (32). The
following are examples of polynomials of degrees 0, 1, 2 and 3 with undetermined

coefficients:

Ug(X)=A;
U,(x) = Ax+B;
U,(x) = AX® +BX+C;

Uz(X) = AC +Bx? +Cx+D.

Some specific cases of the right-hand sides of equation (38) and the

corresponding type of particular solutions are given in Table 2.

Table 2 — Particular solutions of a linear inhomogeneous equations

Right-hand side Particular solutions
e f (X) =e®™ (P, (x)cos bx +Qy (X)sinbx) |§(x) = x"e® (U, (x) cosbx +V, (x)sinbx)
1| f)=P(x), (a=b=0) §=x"U, (x)
2 | f(x)=PR,(x)e*, (b=0) y=x"e¥U,(x)
f (X)=P,(x)cosbx+Q,(x)sinbx,
3 (a:O) y=x"(U, (x)cosbx+V, (x)sinbx)
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Theorem 9 (on the superposition of solutions of an inhomogeneous linear
differential equation). If the right-hand side of the inhomogeneous differential

equation (32) is the sum of two special functions f(x) = f;(x) + f,(x), then the
particular solution of this equation is defined as the sum of corresponding
particular solutions: §=9,+,.

Example 10. Find the general solution to the equation:
y"—6Yy'+9y=3x—8e*.

Solution.

First, we solve the corresponding homogeneous equation y"—6y'+9y =0.
To do this, we form the characteristic equation: k? —6k +9=0 and find its roots:
k; =k, =3. Since the root is repeated, the general solution of the homogeneous

equation has the form
y, =C,e¥ +C, xe**.

The right-hand side of the given equation is the sum of two special

functions f;(x)=3x and f,(x)=-8e*.
We analyze f;(x)=3x, find the values of the parameters a, b, n, m and
determine the type of y,(x):

{(a:bzo, n=1) = U;(X)= Ax+B, s 51(0= XUy (X) = Ax+ B

(a+bi=02k=3)=r=0

Similarly, for f,(x)=-8e* we have:

{(azl, b=0,n=0) = Uy(x)=C, o §,(0= €Uy (x) = Ce*.

(a+bi=1£k=3)=r=0
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A particular solution of the equation §(x) is the sum of two functions ¥, (x)

and ¥,(x):

§=9,+9Y, = §=Ax+B+Ce”".

Find the first and second derivative functions and substitute them, along

with the function y(x) itself, into the original equation:

Ce*—6(A+Ce*)+9(Ax+B +Ce*)=3x—8e".

We equate the coefficients of e* and equal powers of x in both parts of the
equation and obtain a system of linear equations with respect to unknown

parameters:

e*| [4C =-8,
X' |{9A=3.
x°| |-6A+9B =0.

As a result of solving this system, we obtain the values of coefficients:

A=1/3, B=2/9, C=-2.

Hence, a particular solution of the inhomogeneous equation has the form

§=1/3x+2/9—2¢.

Thus, according to (37) a general solution of the given equation is
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y=C, e +sze3x+§ +§—2ex.

Answer: y=C,e** +C, xe** +§ + % —2¢”.

10 Solving inhomogeneous linear differential equations by the method

of variation of arbitrary constants

The inhomogeneous linear differential equation (31) can be solved using
the method of variation of arbitrary constants, regardless of the form of the right
side.

The application of this method is similar to solving first-order linear
differential equations (see section 5). We will consider the implementation of the
method of variation of arbitrary constants for inhomogeneous second-order linear
differential equations (32).

First, for a homogeneous linear second-order differential equation
y'+py'+ay=0, pogeR,
which we obtain from (32) by equating to zero the right-hand side, we find a

general solution as a linear combination of functions of the fundamental system

of solutions:
y=Cyy1(X) +Cyy,(x). (40)

Now, in the particular solution (40) of the homogeneous equation found,

we set the parameters C;,C, equal to the unknown differentiable functions
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C; =Ci(x),i=12, i.e. we will look for the particular solution of the linear

inhomogeneous equation (32) in the form
y=Cy(X)y1(x) +Cy(x) y2(x) , (41)

where the unknown functions C;(x), C,(x) are determined from a system of

equations:

{Cl’(x) () +C2(x) y2(x) =0, (42)

C1(x) y103) +C2(x) y2(x) = f ().

Next, we solve a linear system (42) with respect to the derivatives of the

unknown functions C;{ =C{(x), i=1,2.

Finally, we find the functions C; =C;(x),i=1,2 by indefinite integration:

where W (x) =W (yy, Y,) is Wronskian of functions of the fundamental system of
solutions. Substituting C;(x), C,(x) in (41) we obtain a particular solution of the

given inhomogeneous equation.

Example 11. Find the general solution of the equation:
3x

”_2 1_3 —
Y Y e

Solution.
First, consider the corresponding homogeneous differential equation with

constant coefficients:
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y"—2y' -3y =0.

Its characteristic equation k?—2k —3=0 has the roots k; =-1, k,=3.

Hence, according to Table 1 the general solution of the homogeneous equation is

as follows:
y, =Cee " +C,e™*
where y; =e X, y, =e®* are its linearly independent solutions.

According to the method of variation of arbitrary constants, a particular

solution of the inhomogeneous equation is sought in the form:
y =Cy(x)e™ +Cy(x)e™. (44)

We find the derivatives of the functions C;(x) and C,(x) from the system

of equations:

C/(x)e™* +C, (x)e¥* =0,

X 3x e
~C/(x)e™* +3C, (x)e** = :
4 (e +3C7 (x)e¥ = 7
To solve the system, we apply Cramer's rule:
g X e3x
AIW(X)Z :492)(;
—e X 3eX
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Then, we have:

By integrating the obtained equations, we get:

e4x U= 62X

du = 2e**dx

dx = —=[—du
uu+9) 8°u+9

X

Cl(X)=_EJ
472 4

1 u?du l¢ u
_5.[

_ —%[u ~9lnju+9]+ ¢ =—%[e2x ~9ln(e? + 9) +C,

u:er

du = 2e?*dx

1 du
87 u(u+9)

dx =

1 1 1
dx==
e?X 49 4Ie2X+9

Co(0 =]

:7—12(Inu—ln|u+9|)+é2 =%[x—%ln(e2x+9)}+é2.

Notice that to find the functions C;(x) and C,(x), we could also directly

use formulae (43):
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), 1
=My _4je2X+9

Substituting C;(x) and C,(x) in (44), we obtain a particular solution of the

inhomogeneous equation:

—X 3X

J(x) = —%[e“ ~9In(e2* + 9)} i Z—6|:X —%In(ezx i 9)} .

Finally, the general solution of the given inhomogeneous linear
differential equation, according to (37), is equal to y(x) =y, (x)+ y(X), I. e., has

the form:

—X 3X

_ 1
X)=C,e X +C e3x—e—[ezx—9ln e?X 19 }+e— X —=In(e® +9) |.
Y(X)=Cre™ + Coe™ - = (62 +9) [+ 2| X~ In(€™ +9)

ANnswer:

—X 3X

_ 1
X)=C,e X +C e3x—e—[ezx—9ln e?X 19 }+e— X —=In(e* +9) |.
Y(X)=Cre™ + Coe™ - = (62 +9) [+ 2| X~ In(€™ +9)

11 Systems of linear differential equations with constant coefficients

In this section, we will study systems of two first-order linear differential
equations with constant coefficients.
Definition 28. An explicit linear system of two first-order linear differential

equations with constant coefficients for functions x(t) i y(t) is called:
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y' =8y X+ayy+ fHt)

where a; e R are coefficients for unknowns; f; = fi(t), i, j=12 are free terms
of the equation.

Definition 29. If f; =0, i =1,2 the system of ODEs is called homogeneous,
otherwise it is inhomogeneous.

Definition 30. A set of functions {¢(t), w(t)} is called a solution of the
system in the interval (a,b), if substituting them into the system equations instead
of x(t) and y(t) transforms both equations into identities.

Definition 31. A general solution of the system of two differential equations
(40) is a set of two differentiable functions of an independent variable t, which

contain two arbitrary constants C;,C,:

X= X(t,Cl,Cz),

41
y=y(t,C1Cy) @

such that:

1) they satisfy the equations of system (40) for any real values of parameters
C..Cy;

2) for given initial conditions: x(ty)=Xo, Y(ty)=Yo there will always be
constant values C;,C, that determine the solution of the system (40), which

satisfies the initial conditions (41).
Definition 32. The solution of the system, obtained from the general

solution at fixed values C;,C, of parameters, is called a particular solution of the

system of ODEs.
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The Cauchy problem for a system of linear differential equations means
finding a particular solution of the system (40) that satisfies the initial conditions
(41).

We will consider two methods for solving a linear system of two first-order
ODEs with constant coefficients.

Exclusion method. The essence of this method is to reduce the system of
two first-order differential equations to a single second-order differential equation
for one of the unknown functions.

First, we choose the function to be excluded. Here is an algorithm for

solving system (40) by exclusion x(t). For simplicity but without loss of

generality consider the case of a homogeneous system

{X' =apX+apy, (42)

y'=ayX+ayY.
Differentiate the second equation (42) to obtain:
y" =ap X' +axy'.
Now we substitute the expression for x" from the first equation (42):
y" =ay (81X +apy) +ayYy. (43)
From the second equation (42) we find:

1,
x=—(y"—ayy) (44)
ayq

and substitute it into (43):
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n 14 14
Y =11y 4110y + a1pay1y +axy .

So, we now have a homogeneous linear second-order differential equation

with constant coefficients:
Y' = (a1 +89,) Y + (ay1a; — aypa,1)y =0.

We solve this equation, and then, using formula (44), we obtain the second

unknown solution function x(t) of the system, with y(t) already found.

Remark 5. The exclusion method can also be applied to inhomogeneous
systems of linear differential equations with constant coefficients. Such systems
are reduced to inhomogeneous linear second-order differential equations.

Example 11. Let us solve the Cauchy problem for homogeneous system of
two linear differential equations:

{X' =23 0)=0,y(0) =1, (45)

Y =5x+4y’

Solution.
To obtain a differential equation for one of the unknown functions, we
differentiate one of the system's equations. For example, calculate the second

derivative of the function y = y(t) from the second equation:
y"=5x"+4y".

Next, substitute the expression for the derivative x'(t) from the first

equation of (45) into the last equation:
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y"=5(2x+3y)+4y’. (46)

Now we express the function x(t) from the second equation of (45)

X=2(y'~4y)) (@1)

and substitute into (46):
14 1 !’ ! !
y :5-2-3 (y—4y)+15y+4y'=6y'+7y.

Thus, we obtain homogeneous second-order linear differential equation

with constant coefficients:
y'—6y' —7y=0.

First, we find its general solution. For this compose a corresponding

characteristic equation:
k?—6k—7=0.

The solutions of the last equation are real and distinct: k; =-1, k, =7, so,

according to Table 1, we get

y €)=Cet+Cpe.
From (47), we find the second unknown function:
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X(t) = %(y’ —4y) = %(—cle—t +7C,e™ —4Ce ™t —4Ce™) =

4 3
= —Cle t + —C297t.
5
As a result, we obtain a general solution of the original system:

-t 3~ Tt
X(t)=—Cse +5C2e ; 48)

y(t)=Cet+Cre.

To solve the Cauchy problem, we equate x(0)=0, y(0) =1 and obtain the

system for C; , C,:

3
—C,+2C,=0;

C1+C2 :1.

The solution Clzg,szg of this system we substituted into the

expressions x(t), y(t) and obtain the solution of the given Cauchy problem.

_ 3t .
Answer: *0 8(e e )

y(t) =%(e‘t + 5e7t).

Euler's method for solving a homogeneous system

Definition 33. The characteristic equation of a homogeneous system of

linear differential equations with constant coefficients
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X'=a; X+ a
{ ' 11 12Y (49)
y =axX+azpy
Is the quadratic equation with respect to the parameter k defined as follows:
a1—k a
H 12 ‘ =0. (50)
ay  axp—K

Similar to the solution of a linear homogeneous equation with constant
coefficients, the roots of the characteristic equation (50) define one of the
functions of the general solution, which is the form of the second function.

Table 3 shows the correspondence between the roots of the characteristic

equation and the general solution of a linear system.

Table 3 — General solution of a linear homogeneous system

. : General solution of the equation
Roots of the characteristic equation

Ne X'=a;X+ a5,y
k2+pk+q:0 {, H .
y =axX+ayy

x=Cet + G, C,,C, eR,
1 kl’ kzeR; k1¢k2

1.,
y=—(X —ayX
a12( 11)

X:(C1+C2t) ekt, Cl’C2 ER,
2| Kk =k,=keR

1.,
y=—(X"—a;X
a12( 11)

x=e%"(C cos Bt +C,sin pt),

3 k]_,k2€C; k1,2:aii,8 Cl,CZER,
1
y:_(x_a]_lX)
812
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Example 12. Solve a homogeneous system of two linear differential

equations using the Euler method:

X=2X+Y,
y=3x+4y.

Solution.

Form the characteristic equation (47) and solve it:

(2-Kk)(4-k)-3=0;

k? -6k +5=0;
kl:]., k2:5.

With the help of Table 3, we find a general solution {x(t), ()} of the given

homogeneous linear system:

x=Ce' +Cre™,
y=x-2x=Ce' + 5C265t —2Ce' - 2C2€5t =G + 3C265t :

Answer: x=Cpe' +Ce™, y=—Ce' +3C,e™.
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Theoretical questions for self-assessment

1 Give the definition of the differential equation of the n-th order and give
its symbolic notation.

2 What is the solution of the n-th order differential equation?

3 What is the general solution of the n-th order differential equation?

4 Which solution of the equation is called a particular solution?

5 What types of first-order differential equations are you familiar with?

6 What is an explicit first-order differential equation?

7 Formulate the Cauchy problem for a first-order differential equation and
provide its geometric interpretation.

8 What is the form of a differential equation with separable variables?

9 Which differential equation is called homogeneous? Describe a method
to solve it.

10 Which first-order equation is called linear? Provide some examples.

11 Describe the solution of a first-order linear differential equation using
the Bernoulli method.

12 What is the method of variation of an arbitrary constant?

13 What are called: "solution", "general solution", "particular solution",
"general integral™, "particular integral™ of a second-order differential equation?

14 What is meant by the Cauchy problem for a second-order differential
equation?

15 Which second-order differential equations allow a reduction of order?

16 What do you know about the properties of solutions of a second-order
linear differential equation with constant coefficients?

17 What is the form of a homogeneous linear second-order differential
equation with constant coefficients?

18 Which functions are called linearly independent, and which are linearly

dependent on some interval?
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19 What is the Wronskian? What properties of the Wronskian of solutions
of a homogeneous linear second order differential equation do you know?

20 What is the structure of the general solution of a homogeneous linear
second-order differential equation?

21 What is the characteristic equation for an inhomogeneous linear second-
order differential equation with constant coefficients?

22 How to find the form of the particular solution of an inhomogeneous
linear second-order equation with a special right-hand side?

23 What methods do you know for solving inhomogeneous linear second-
order differential equations?

24 What is a homogeneous (inhomogeneous) system of linear differential
equations?

25 What are the 'solution’, ‘general solution’, ‘particular solution’, 'initial
conditions’, ‘Cauchy problem’ of a system of linear differential equations?

26 Describe the method of exclusion for solving systems of linear
differential equations.

27 What is Euler's method for solving homogeneous systems of linear

differential equations?

Test for self-assessment

1 Choose the first-order differential equations:

a) y'+ 12+sz =2, b) " =x2 +2%;

) y'—-3y'=0; d) vy =e*siny.

2 Choose the differential equations in differentials:

a) xy?y' = y> +x°; b) xydy = (x2 —1)dx :
c) ydx—4xdy =0; d) y'=x-1.

3 The general solution of the first-order order differential equation is:
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a) any function y =¢(x);

b) a function y = ¢(x) that turns the equation into identity;

c) a family of functions y = ¢(x,C) that are solutions for VC e R;

d) a family of functions y=¢(x,C;,C,) that are solutions for
VG eR,i=12.

4 The Cauchy problem for a first-order differential equation has the form:

y'=f(xy) y'=f(xY),
b
& {y(O) =0; ) {Y(Xo) = Yo;
y'=f(xy), y'=f(xy),
) {Y(Xo)= Yo d) 1 Y(X0) = Yo,
Y'(X0) = Y1; y'(%) = y1.

5 How many integral curves of the equation y'=xy pass through the point
(2;1) in the plane?
a) none; b) only one;

C) two; d) infinitely many.

6 The homogeneous first-order differential equation has the form:

a) y'=1(x); b) y'=1(x)a(y);
c) y'+p(x)y=f(x); d) y'= f(%}

. : , o 2xy 3
7 Determine the type of the equation y' + 5 =2X+2X7:

1+Xx
a) homogeneous first-order ODE;
b) linear first-order ODE;
¢) linear second-order ODE;
d) ODE with separable variables.

8 Choose the separable differential equations:

a) yy=x%; b) y'=e**sin®y;
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C) y’—%:2x3; d) y"-3y'=0.

9 Choose the homogeneous first-order differential equations:
a) y'—2y=0; b) x*y'+y* —xy=0;

) y—xy>=0; d) xy’:yln(%J+y.

10 To solve a homogeneous first-order differential equation, one should

make the substitution:

a) z=Y'; b) y=ux;

c) y=uv, d) y=X.

11 To solve a linear first-order differential equation, one should make the
change:

a) z=Y', b) y=ux;

c) y=uv; d) y=x.

12 Choose the linear first-order differential equations:

a) 2xy’=2y+x—2; b) y’=X—2;

y y
c) y=e>Y; d) y' +2xy = x% X

13 Determine the type of the differential equation y'+2xy = xy3:

a) Bernoulli equation; b) first-order linear equation;

¢) first-order homogeneous equation; d) ODE with separable variables.

14 What is the general solution of the equation y' = Jx 2

1
Q) y=——+C;: b) y=2/x+C:
)y X )Y

c) y:g\3/x2+C; d) yzgx/x3+C.

15 What is the general solution of the equation y'=sin3x ?
a) y=3cos3x+C; b) y=-3cos3x+C;
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C) y:%0053x+C; d) y:—%0033x+C.

16 Choose the explicit differential equations:
2

a) 2xy’:2y+x—; b) y' =2%7Y;
y

c) Yy +6y -7y=0; d) y"=e*-x.
17 Which of the given Cauchy problems are posed incorrectly?

y" =Xy, y' = xsin? Y,
a) 1y =3, b) \YQ) =714,

y'@) =2 y'@)=1/2;

!/ — , 4 _ ! 12 — ’

C){y Xy d){y y'+12y =X

y(2) =1, y(0) =5;
18 The Cauchy problem for second-order differential equations has the

form:
y'=f(xy.Y),
y'=f(xy,y),

y'(0)=0; o

y'=f(xy.y), y'=f(xy.,y)
)y Y(Xo) = Yo, d) 1 Y(X0) =Y,

y' (%) = Va; y'(%) = Y1
19 Which of the differential equations are of the second order?
a) y'-3y'=0; b) 2yYy =x*;
c) y=e7; d) y"=xy.

20 The general solution of a second-order differential equation is:
a) any function y =¢(x);
b) a function y =@(x) that turns the equation into identity;

c¢) a family of functions y = ¢(x,C) that are solutions for VC e R;
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d) a family of functions y=¢(x,C;,C,) that are solutions
VCiER,i:].,z.

21 Choose the linear second-order differential equations:

a) yy"+(Y')
C) xy’—y:—xz; d) y"-3y'=0.

22 What is the general solution of the equation y”=cosx ?
a) y=cosx+Cx+C,; b) y=sinx+Cx+C,;

C) y=—-cosx+Cx+C,; d) y=-sinx+Cx+C,.

for

23 How to solve an incomplete second-order differential equation

F(xy,y")=0?
a) integrate the equation twice;

b) enter a new unknown function u(x) =y’;

c) enter a new unknown function u(y)=y’;

d) enter a new unknown function u(x) = Y .
X

24 Choose the linear inhomogeneous second-order differential equations:

a) y'=y’, b) y"+8y =3x-1;
c) y'-y= Zix ; d) y"—(y)*=0.
e +1

25 The characteristic equation cannot have roots:

a) kj =3k, =-3; b) k; =5k, =-3 ;

c) ky =3irk, =-3i ; d) Kk, =5i;k, =-3i .

26 Find the roots of the characteristic equation of the differential equation

y"—8y' -9y =0:
a) ki =9k, =1 b) ki =9k, =-1;
c) ki=-9k,=1; d) kj=-9;k, =-1.
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27 Find the form of the particular solution of a linear inhomogeneous
second-order differential equation if f(x) = xe®*, kyp =%2:

a) y=Ae™; b) y= Axe?;

c) v =(Ax+B)e?s; d) y=x(Ax+ B)e?*.

28 A particular solution of the equation y" —3y’ = (8x —3)e4x , according to

the method of undetermined coefficients should be sought in the form:

a) y=C, +C,e; b) y = (Ax+B)e*;
c) y=x(Ax+B)e*; d) y=Ae*.
29 The characteristic equation for a system of differential equations
X'=-3x+4y
y'=2x-y
has the form:
-3k 4 -3-k 4
a) =0; b) =0;
2 -k 2 -1-k
-3 4k -3 4-Kk
c) =0; d) =0.
2k -1 2-k -1
30 The characteristic equation for a system of differential equations
X'=Xx+4y
y'=2Xx+3y
has the form:
a) k? -3k +4=0; b) k? —4k +3=0;
c) k> —4k —-5=0; d) k2 -5k +4=0.
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Individual tasks

Task 1. Solve the first-order differential equations.

1 |a) yy?—ysinx=0 b) (2x-y)y' =x+2y

2 |a) (x-1)y'=x% b) XV'=Y'”(%J+Y

3 |a) xy'—(x3—1)ey =0 b) xy’—y=3\/m

4 |a) ()Q/+x3y)y’:1+y2 b) 16.xy’:2(y—\/ﬁ)

5 |a) 2xyy'~Inx=0 b) X°y' = y® +6xy + 6X°

6 | a) x*y' —xsiny=0 b) (X2—6XY)Y'=X2—5)/2+XY
7 |a) (x2—3)y’:xtgy b) xy’(7x2+2y2):3y3+14yx2
8 |a) X2y =1-3[y b) vy =(x+ y)2

9 |a) y+yctgx=0 b) xy’=4\/m

10 | a) y'\2y -1-y5*=0 b) 3x?y' — y? =10xy +10y?

11| a) x2y’lny:y—xy b) x2y’=y2+4>q1+2x2

12 | a) xy2y’:2+log2x b) 4x°y' — y% =10xy —5x°

13 | a) xyy’:x2—1 b) xy’—y—m:O

14 | a) y'(xy—x)—-y* =0 b) xy’—y+xsin¥:0

15 | a) x2y’—(§/§—1)y2 =0 b) y’cos%:%cos%—l

16 | a) y'—xyvx*—3=0 b) y'=(x+3y)"

17 | a) xy3y’:1—lgzx b) 2x2y’:y2+6xy+3x2
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18 | a) y'\/5—y —xye* =0 b) y’(x2—2xy)=><2—y2+2xy
19 | a) x3y’—xc032y:0 b) 3x2y’:y2+8xy—4x2

20 [a) y'—xyy2—-x% =0 b) y’sin%:%sin%—

21| a) y'\Jy —ycos3x=0 b) 2xy’:2y+x—y2

22 | a) y’y—xmzo b) Xy’:y+xsin2%

23 | a) xy'\Jy =In*x++/x b) 3xy’:3y+xcosz¥

24 | a) y'x—xsin?y =0 b) y/(xy—x*)-y? =0

25 |a) Yy +ysin2x=0 b) Xy’ +24/xy —y=0

26 | a) y'\/x® —2xcos?y =0 b) (X2—6XV)Y'=X2—5YZ+XY
27 | a) xyy' =3In?x—x* b) (xz—yz)y'=2xy

28 | a) y'y% —ycos®x=0 b) X°y' =y?—x?

29 | a) yy—eX3y+1=0 b) 3x%y’ —3y? = x?

30 |a) (x+5)y' +x°y—y=0 b) X2y =Xy +2y?

Task 2. Solve the Cauchy problem for a linear first-order differential

equation using two methods and check the correctness by substitution.

1 | y'sinx+ycosx=1 y(%}:l
2 |y -—L=e*(x+1); y(0)=1
X+1
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n2x.

y’ijcos,x:S'2 y(0)=0

Y+ ytgx = cos” X; y(ﬁj _1
4) 2

2 3
- = X" +2X; N==
g X+2 y=)) 2

V—%=X% y() =0

Nlw

y'—4yx=x; y(0)=

y’—l= Xsin x; y[zjzl
X 2

, o 2Xy 3 2
+ =2X+ 2X7; 0)==
y 1152 y(0) 2

10

y' — yctgx = 2xsinx; y(%) =0

11

X
y,+l:e (x+1);
X

y@d)=0

12

y' +2Xy = 2xe X . y() =5

13

y!_ 2xy2 :l+X2; y(_2)25
1+X

14

y' —ysinx=e"*®*sin2x; y(%j =

3

15

—X

' €
y+y= y(0) =2

1+ X2

16

y+2L=x% ya)=1

2X

17

xy' -3y =x%*; y(l)=e

18

XY'+2)/=%; y(3) =1
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19

2X
5 Y1) =0

Y=

20

y'cosx—2ysinx=2; y(0)=3

21

xy'+y=(1+x)e*; y@=e

22

y'—ycosx=x%"%;  y(0)=2

23

(1+ xz)y’—ny:x+%; y() =1

24

y' —4ycos® x :(1+ xz)es"‘zx; y(0)=2

25

y +2y=e"gx; y(0)=2

26

y'+ycosx=cosx; y(0)=4

27

y(1+x)-2y=(1+x)’e%; y(0)=1

28

x2y’+(1—2x)y =x% y@)=1

29

Xy +y=x>+3x+2; y@1)=2

30

y' +2xy =2x; y(0)=2

Task 3. Find a general solution or a general integral of the second-order

differential equation using reduction of order.

N2

Xy”=2y' 16 yn_3(y) :8yl
y
y" + y'tgx = sin 2x 17 | (x+1)y"+y' =0
1+(y')’ —yy"=0 18 | y3y"+y' =0
Xyrr+2y/:X3 19 Xyn:yrln%
" N2 N3 " 2.1 "2

yy"+(y')"+(y') =0 20 | yy"—2y®y'—(y')" =0
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6 | Y+ y’% =X 21 | y"=e?

7 |y (1+y)-5(y)* =0 22 | (y-1)y"=2(y

8 | y"tgy=2(y')’ 23 | xy"+Yy' -2x-3=0

9 | y'—2y'tgx=sinx 24 | yy" +(y')2 =YYy

10 | 3yy” +(y')2 =0 25 | xy"y' —(y’)2 = x4

11 y”—2(y,)2 +y'=0 26 y”(1+ y2)=2y(y')2
12 | xy"+y =x+1 27 (1+x2)y”+(y’)2+1=0
13 y”+(y')2 ctgy=0 28 | 8yy"=1+ 4(y’)2

14 | yy =3(y')? 20 |y =\i-(y}

15 (1—x2)y”:xy’ 30 |y =(y)’e.

Task 4. Solve the Cauchy problem for a linear second-order differential

equation using two methods and verify the correctness of the solution.

y'+4y +4y =xe¥; y(0)

=-1 y(©0=1

y' -5y +6y=3-x% y(0)=5 y'(0)=6

y"+y=xcos2x; y(0)=-—

L y(@0)=1

y'+2y'+y=xe"; y(0)=

0; y(0)=-2

y'+4y=4x-x; y(0)=0; y'(0)=3

y"+9y=3sin3x; y(0)=0; y'(0)=2

y" -2y’ —3y = (x+5)e”%;

y(0)=0; y'(0)=2

y'+4y'=e*(x-9); y(0)=L y'(0)=0
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y"+16y=xsin2x; y(0)=0; y'(0)=1

10

y”+8y’+16y:xe‘4x; y(O)zo; y'(0) =2

11

y'—4y'+5y =8x° -3; Y(O) =2, y(0)=1

12

y"+4y=3xsinx; y(0)=0; y'(0)=-1

13

y'+6y +9y= 2xe X, y(o) =6; y'(0)=0

14

Y =2y =2X2 =X+ T; y(0)=1% y'(0)=-1

15

y"+2y +5y=-3sin2x; y(0)=1 y'(0)=-2

16

y' — 4y + 4y =e*X(2x-3); y(0)=-1 y'(0)=2

17

y"+6y +9y=2c0s2x+3sin2x; y(0)=2; y'(0)=1

18

y" — 4y +8y = xe**; y(0)=-2; y'(0)=1

19

y' =3y +2y =2x%+1; y(0)=3 y'(0)=-1

20

y"+6y'+13y =e*cos4x; y(0)=0; y'(0)=1

21

y'+y -6y =(3-4x)e’*; y(0)=2; y(0)=-1

22

y' —2y'=4x2+9; y(0)=L y'(0)=3

23

y"+y —2y=sin2x+3cos2x; y(0)=2; y'(0)=-1

24

y' -6y +9y=xe>; y(0)=-1 y'(0)=2

25

y'+4y +3y=6x"-1 y(0)=1 y(0)=2

26

y"—8y'+25y =2cos3x; y(0)=-2; y'(0)=2

27

y'+3y' +2y=xe""; y(0)=-2; y'(0)=0

28

y'+2y -3y =(3x+2)°; y(0)=3 y'(0)=0

29

y'+y —12y = xe¥; y(0)=4; y'(0)=0

30

y'—6y —7y=2sin5x; y(0)=1 y'(0)=0
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Task 5. Solve the inhomogeneous linear second-order differential equation

using the method of variation of arbitrary constants.

1 y" + gy — ﬂ 16 " 9 ' 18 e—2X
2 +sin?3x yreyE y_1+e2"
2X e—x
2 "4y -2y = 17 | yv"+4y +3y =
YT E AR P
3 6y +9 _xet 18 | y"+16
" _ ’ — + - -
Y=oy sy X2 + 5% + 4 d y 3+ C0s8x
5x 4x
4 ﬂ_2 1_8 — 19 ”_5 r+4 —
Y Yoy 1+ e y yry 9+ g%
3x e5x
5 "3y +2y= 20 "-10y'+25y = —— ——
yoeymey 4+¢e* g y y X2 +6X+8
4x 3x
6 | v'_Bv +8y— 21 | y"—4y +3y=
Y e AR IO
7 " 8 ! 16 Xe4x 22 yﬂ+25y 1
— + = =—
y ey y 94+ x2 cos?5x + 8
e—2x ex
8 |y +7y+12y= 23 | y"+5y' +4y =
Y e Y Y e
6X —2X
9 "_9v + 20V = 24 | y'+4y' +4y=—— —
e y 1+ %X y yry X% +8x+12
10 e 25 e
"+ BV +9y = "7y +12y =
VYT A I
e—3x ” 2X
11 | y"+9y' +20y = "\ —2y=
SRRt I A A
—4x 2X
12 | y'+8y +16y = = 27|y -dy +dy=""y
X“+9 1+Xx
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13 | y" -8y +15 > 28 | y'+4y sin4x
—_ + ] s
y ey Dy 4 1 @2X 3+ c0os% 2x

14 14 10 [ 25 Xe_5X 29 y!( 16y 1
y y y X2 +4x+3 5+sin? 4t
3X i

e y sin4t
15 ”—7 = 30 y —4y:—
y =t 9 4 g2X 5+ cos® 2t

Task 6. Find the general solution of a homogeneous linear system of first-

oder differential equations using two methods.

X'=-2x+3y X'=-4x -5y
1 , 16 ,
y' =Xx—4y y'=x+2y
X'=5x-3 X'=x+4
2 , y 17 , J
y' =4x -3y y'=2x+3y
X' =-3x+4 X'=Xx+4
3 , d 18 , J
y'=2x-y y'=2x+3y
X' =2X+7 X'=3x-4
4 , g 19 , Y
y'=x-4y y'=-2X+Yy
X'=4x-7 X'=—4x+7
5 , g 20 , y
y'=2X-5Yy y'=-2X+5y
X =4x+7 X'=4x+2
6 , d 21 , d
y'=-2X-5y y'=-7X-5y
X'=5x+3 X'=-2X+7
7 , d 22 , y
y'=—-4x -3y y'=Xx+4y
X'=2x+3 X'=-5x+3
8 , 4 23 , y
y'=Xx+4y y'=—-4Xx+3y
X'=2Xx+7 X'=-2x-3
I TR
y' =Xx—-4y y =—X-Y
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Appendix

Table A.1 — The table of derivatives

Function y = f(x) Derivative y'= f'(x)
C =const 0
X%, aeR o x&1
e* e*
a* a*lna
1
In x —
X
1
log, x —
xlna
sin X COS X
COS X —sin X
1
tg x 5
COS“ X
1
ctg x -—
sin“ x
_ 1
arcsin x >
1-x
1
arccos X - >
1-x
1
arctg x 5
1+x
1
arcctg x — 5
1+x
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Table A.2 — The table of basic integrals

1 [0dx=C

2 (dx=x+C
A Xa+1

3 x%dx = +C, a=#-1
. a+1
e dx -1

4 — = [xdx=In|x|+C
X
. aX

5 a*dx=—+C, a>0a=1
. Ina

6 [eXdx=e* +C

7 [sin xdx = —cosx+C

8 [ cos xdx =sinx +C

9 [ d); =tgx+C
Y C0S“ X

10 ' _d>2< =—ctgx+C
Y sin“ X
e dx . X

11 ———==arcsin—+C, a>0
’ /aZ_XZ a

12 de 2=£arctg£+C, a>0
X" +a a a
- dx 1, |x—a

13 =—In——|+C, a=0
Yx2_32 2a |x+a

14 X :Inx+\/x2+a‘+C, az0
“Jx%+a

15 '£:In|x—a|+C

16 'tgxdx:—ln|cosx|+C
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17 Jctgxdx:ln|sinx|+C
d ——=lIn{tg—|+C
18 | [escxdx = Ismx ‘92
X
19 Isecxdx Icosx In|t g(2+4j+c
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