Methods of Functional Analysis and Topology
Vol. 20 (2014), no. 1, pp. 68-91

EIGENFUNCTION EXPANSIONS ASSOCIATED WITH AN
OPERATOR DIFFERENTIAL EQUATION NON-LINEARLY
DEPENDING ON A SPECTRAL PARAMETER

VOLODYMYR KHRABUSTOVSKYI

Dedicated to my teacher Professor F. S. Rofe-Beketov on the occasion of his jubilee

ABSTRACT. For an operator differential equation that depends on a spectral para-
meter in the Nevanlinna manner we obtain expansions in eigenfunctions.

INTRODUCTION

‘We consider, either on a finite or an infinite interval, the operator differential equation
of arbitrary order

(1) Wyl =mlf], teZ, I=(ab)CR!
in the space of vector-functions with values in a separable Hilbert space H, where

(2) Wyl = Uly] = Am[y] — naly],

I[y], m[y] are symmetric operator differential expression. The order of I)[y] is equal to
r > 0. For the expression m[y| the subintegral quadratic form m{y,y} of its Dirichlet
integral mly,y] = fI m{y, y}dt is nonnegative for t € Z. The leading coefficient of the
expression m[y] may not have the inverse one in B(#) for any ¢t € Z and even it may
vanish on some intervals. For the operator differential expression ny[y] the form ny{y, y}
depends on A in the Nevanlinna manner for ¢ € Z. Therefore the order s > 0 of m[y] is
even and < r.

In paper [28] in the Hilbert space L2, (Z) with metrics generated by the form mly, y],
for equation (1)—(2) we constructed analogs R()) of the generalized resolvents which in
general are non-injective and which possess the following representation:

) RO = [ 2

where E, is a generalized spectral family for which F., is less or equal to the identity
operator.

This analogue is an integro-differential operator depending on the characteristic ope-
rator of the equation

(@) nl=-C ez

where (SI\)[f] = % (I[f] — I*[f]). This characteristic operator was defined in [28]. It is

an analogue of the characteristic matrix of a scalar differential operator [40] (see also
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[32, p. 280]). The operator R(A) in the case ny[y] = 0 is the generalized resolvent of the
minimal relation corresponding to equation (1) (see the details in [26, 28]).

In this paper we calculate EA and derive an inequality of Bessel type. In the case
where the expression ny [y] submits in a special way to the expression m [y] we obtain
inversion formulae and the Parseval equality. The general results obtained in the work
are illustrated with the example of equation (1) with coefficients which are periodic on
the semi-axes. We remark that in the case ny [y] = 0 it follows from [22, 26] that if
Z=R!r>sand dimH < oo, then E, for equation (1) with periodic coefficients has
no jumps. (For r = s in the described case E,, may have jump (see e.g. [26])). We show
that in contrast to the case ny [y] =0 if r = 1, dimH = 2 then E,, for equation (1) with
periodic coeflicients on the axis may have jump.

In the case ny [y] = 0 the eigenfunction expansion results above are obtained in pa-
per [26], which contains its comparison with the results that were obtained earlier for
this case. For the case ny[y] = 0 we also refer to papers [5, 6, 7, 15]. In contrast to [26]
in [5, 6] dimH =1, 0 < s < r, the leading coefficient of the expression m[y] does not
vanish and the operator m is uniformly positive. In [5] the elementary approach by [9]
has been used to show the existence of eigenfunction expansions. In [6] another existence
proof was given, based on the spectral theorem in a direct integral form. The results
of [5, 6] can not be used (in contrast to [26]) if for example m[y] = w(t)y where the
weight w(t) may vanish or m[y] = (—1)"y®", T = R'. However they can be used (in
contrast to [26]) in some cases if m{y, y} < 0 for some y(t) and ¢. In the case where [ and
m are partial differential operators, expansions in distribution solutions of the equation
(I — dm)[y] = 0 for formally self-adjoint | and positive m have been obtained in [15] if
m~1 has a self-adjoint realization and in [7] without this assumption.

FEigenfunction expansions for differential operators and relations are considered in
the monographs [9, 14, 2, 3, 4, 29, 30, 37, 38]. Let us notice that for infinite systems
first eigenfunction expansion results are obtained in [34] for operator Sturm-Liouville
equation. (Later it was done in [16] in another way). An expansion in eigenfunctions of
an operator equation of highest order (analogous to scalar case [40]) was obtained in [8]).

Also for the case of the half-axis we obtain for equation (1) a generalization of the result
from [39] on the expansion in solutions of a scalar Sturm-Liouville equation which satisfy,
in the regular end-point, a boundary condition depending on a spectral parameter. To do
this we introduce, for equation (1), Weyl type functions and solutions. Such solutions for
operator equation of the first order containing a spectral parameter in Nevanlinna manner
was constructed in [24]. In the case of finite canonical systems, a parametrization of Weyl
functions for such an equation was obtained in [33] with the help of J-theory. For the first
order systems depending on a spectral parameter in a linear manner a parametrization
of Weyl functions immediately in terms of boundary conditions was obtained in [1]. The
method of [1] is based on the theory of the abstract Weyl function for symmetric linear
relations (see [10, 12] and references therein).

A part of the results of this paper is contained in a preliminary form in the preprint [27].

We denote by (. ) and || - || the scalar product and the norm in various spaces with
special indices if it is necessary. For a differential operation I, we denote Rl = %(Z + 1),
St=501-17.

Let an interval A CR!, f(¢) (t € A) be a function with values in some Banach space
B. The notation f (t) € C* (A, B), k=0, 1, ... (we omit the index k if k = 0) means
that, in any point of A, f (¢) has continuous in the norm || - || ; derivatives of order up to
and including ! that are taken in the norm || - || g; if A is either semi-open or closed interval
then on its ends belonging to A there exist one-side continuous derivatives. The notation



70 VOLODYMYR KHRABUSTOVSKYI

f(t) € Ck (A, B) means that f(t) € C* (A, B) and f(t) = 0 in the neighborhoods of
the ends of A.

1. CHARACTERISTIC OPERATOR. WEYL TYPE OPERATOR FUNCTION AND SOLUTION

In order to formulate the eigenfunction expansion results we present in this section
several results from [28]. Comparing with [28] some of these results are given here in
either a more general form (Propositions 1.1, 1.2) or a weaker form (Theorem 1.3).
Lemmas 1.1, 1.2, Theorem 1.2 and Corollary 1.1 are new.

We consider an operator differential equation in a separable Hilbert space H1,

6)  L(@Wem) +@ W' () ~Hxx () = WA F (1), e,
where Q (), [RQ (t)] ", Hx (t) € B(H1), Q (t) € C* (Z, B (H1)); the operator function
H) (t) is continuous in ¢ and is Nevanlinna’s in A\. Namely, the following condition holds:

(A) There is a set A D C\R!, every its point has a neighborhood independent of t € Z,
in this neighborhood Hy (t) is analytic Vt € Z; VA € AH) (t) = Hi(t) € C (Z, B (H1));
the weight Wy (t) = SH)y (t) /SA > 0 (S # 0).

In view of [24] Vu € ANR : W, (t) = 0H, (t) /OAl,—,, is Bochner locally integrable
in the uniform operator topology.

For convenience we suppose that 0 € Z and we denote RQ (0) = G.

Let X (t) be an operator solution of the homogeneous equation (5) satisfying the
initial condition X (0) = I, where I is an identity operator in #;.

For any a, 8 € Z, a < 3, we denote Ay (o, ) = ff X5 () Wy (t) Xa (t)dt, and N =
{h € Hy |h € KerAj (a, B) Va, B}, P is the ortho-projection onto N*. N is independent
of X € A [24].

For x (t) € Hy we denote U [z (t)] = ([RQ (¢)] z (1), z (¢)).

Definition 1.1. [23, 24] An analytic operator-function M (\) = M* (X) € B(H1) of
non-real A is called a characteristic operator of equation (5) on Z, if for S\ # 0 and for
any H; - valued vector-function F (t) € Ljy,, (Z) with compact support the corresponding
solution x (t) of equation (5) of the form

(6) zx (6, F) =RyF = /IXA (t) {M()\) — %sgn (s—1) (iG)l} X5 (s) Wi (s) F (s)ds
satisfies the condition

(7) (ON) lim(Ulas (3.F)) - Uloa (@, F)) <0, 92 £0,

Let us note that in [24], a characteristic operator was defined if Q(t) = Q*(¢). Our
case is equivalent to this one since equation (5) coincides with equation of (5) type with
RQ(t) instead of Q(t) and with H(t) — $3Q’(¢) instead of Hy(t).

Properties of the characteristic operator and sufficient conditions of the characteristic
operators existence are obtained in [23, 24].

In the case dimH; < o0, Q(t) = J = J* = J !, —00 < a = 0, a description of
characteristic operators was obtained in [33] (the results of [33] were specified and sup-
plemented in [25]). In the case dim?{; = oo and Z is finite, a description of characteristic
operators was obtained in [24]. These descriptions are obtained under the condition that

(8) I €A, [,B]CT: Ay (a,B)>0.

Definition 1.2. [23, 24] Let M (\) be the characteristic operator of equation (5) on
Z. We say that the corresponding condition (7) is separated for nonreal A = pug if for
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any Hi-valued vector function f (t) € L%/Vu () (Z) with compact support the following
0
inequalities hold simultaneously for the solution z,,, () (6) of equation (5):

(9) lim SpoU [z, ()] >0,  Lm SueU [z, (8)] < 0.
ala B1b

Theorem 1.1. [23, 24] Let P = I, M ()\) be the characteristic operator of equation (5),
P(A) =iM (NG + 31, so that we have the following representation:

(10) M) = (73 () - ;1) (iG)L.

Then the condition (7) corresponding to M (\) is separated for X = po if and only if
the operator P (uo) is a projection, i.e.,

P (110) = P? (o) -

Definition 1.3. [23, 24] If the operator-function M () of the form (10) is a characteristic
operator of equation (5) on Z and, moreover, P (\) = P?()), then P ()) is called a
characteristic projection of equation (5) on Z.

Properties of characteristic projections and sufficient conditions for their existence
are obtained in [24]. Also [24] contains a description of characteristic projections and
an abstract analogue of Theorem 1.1. Necessary and sufficient conditions for existence
of a characteristic operator, which corresponds to such separated boundary conditions
that the corresponding boundary condition in a regular point is self-adjoint, are obtained
in [28] with a help of Theorem 1.1. In the case of self-adjoint boundary conditions an
analogue of this result for regular differential operators in the space of vector-functions
was proved in [35] (see also [37]). For finite canonical systems depending on the spectral
parameter in a linear manner such an analogue was proved in [31]. These analogues were
obtained in a different way comparing with the proof in [28].

From this point and till the end of Corollary 1.1 we suppose that H; = H?",

(1) a=(_gy, 'g) =i

where I, is the identity operator in H", Z = (0,b), b < oo and condition (8) holds.
Let condition (7) be separated and P(\) be a corresponding characteristic projection.
In view of [24, p. 469] the Nevanlinna pair {—a (M), b(A)}, a(X),b(A) € B (H™) (see for
example [11]) and Weyl function m (A) € B (H") of equation (5) on Z [24] exist such that

i = () 00 e o) (6 ). o ().
(13 1= = (50 ) 6N -mWa() m (). L),
(14) (" () =" () m )~

(Conversely [24] P (M) (12) is a characteristic projection for any Nevanlinna pair
(=a (M), b(N)) and any Weyl function m (\) of equation (5) on Z.)

Let also the domain D C C, be such that VA€ D : 0 € p(a(\) — ib(X)) (for example
D = C4 if 3Ay € Cy such that a* (AL)b(Ay) = b* (Ax)a(Ay)). Let domain Dy be
symmetric to D with respect to real axis. Then the operator RyF (6) for A € D|J D,
can be represented in the following form using the operator solution Uy, (t) € B (’H”, HQ”)
of equation (5), (F = 0) satisfying an accumulative (or dissipative) initial condition and
the operator solution V) (t) € B (H", H*") of Weyl type of the same equation. More
precisely the following proposition holds.

L () =m(N)a() e B(HY).
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Proposition 1.1. Let A € D{J Dy and Hi-valued F(t) € L3y, (I)'. Then solution (6),
(10), (12) of equation (5) is equal to

t b
(15)  RyF = /O Va (1) U? (s) Wi (s) F (s)ds + /t Un (8) V2 (5) W () F (s) ds,

where the integrals converge strongly if the interval of integration is infinite. Here

ao) =0 (5 ). mo=xa0 ( 20 ) K OO 0mas ).

where

(17) KA)=a*"(A)a\)+b"(A\)b()), K '(\)eBH"),

(18) map (N) = mi, () = K71 (N) (@ (3) + 6" (A) m (V) (6" (%) =" (A) m (V) ",
b(A) = m* (Na() " (Sm)) (b (N) = a*(W)m()) !

B
(19) /0 Vi) Wa () Va(t)dt< (

v[0,8] C Z, and therefore

(20) VheH": Va(t)h € Liy, o (D).

Moreover if a(X) =a (X), b(A) =b(X) as SA # 0 then we can set D = C, and

Smg,p (N)
X

Proof. In view of (10), (12), (13) R)F has a representation (15) where

(22 B =300 (0 ) @0 -a Mmw) ™

Due to Lemma 1.2 from [28] the integrals in (15) converge strongly if the interval of
integration is infinite. -
In view of [17, 24] and the fact that P* (X\) GP (X) = 0 [24] one has

(23) a(A)=Fi(uA) + 1) SA), b(A) =) =1)SA), reCy,

where u (A) = u* (X) € B(H") is some contraction, S (A), S~ (A) € B(H"); u(X), S(A)
analytically depend on A € C\ R!.
In view of (23),

(24) K (X)) =-45" (N u(\) S (\)

and so K~1(\) € B(H"), A € DDy since u=! (A) = —2iS(\) (a(\) —ib(\)) " €
B(H") A€ DUD;.

Using (23), (24) it can be directly shown that the initial conditions in point ¢ = 0 for
solutions Vi (t) (16) and Vi (22) coincide and that map () = m;; , (A). So (15)-(18) is
proved.

In view of [24, p. 450] one has V[0, 8] C Z

B
(21) /0 Vi (8) Wi (8) Vi (1) dt < SN £0.

1
(25) P ) A5 (0, B)P () < 55y P () GP ().
Now inequality (19) (and therefore (20)) follows from (25) in view of (12), (17), (22).
If a(A\) = a(A),b(A) = b(X) as SA # 0, then the operator u () is unitary and
independent of A (cf. [24]). Now in formulae (17), (18) and the right-hand-side of (19)
we substitute a (X), b (X) by a(X), b(\) and by direct calculations with the help of (23)

INorms || - HL%V/\ (z) are equivalent for A € A [24].
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we prove that the right hand sides of inequalities (19), (21) coincide. The proposition is
proved. O

For an arbitrary Nevanlinna pair {—a (\), b(A)}, the Weyl solution V) (¢) (16) does
not satisfy, in general, inequality (21) for A € D|JD;, and the corresponding Weyl
function myg,p (A) (18) does not satisfy the condition

%ma’b ()\)
A
But if we choose the pair {—a (\), b(\)} “in a canonical way”, then the corresponding
Weyl solution V), (16) satisfies (21).
Namely let v(\) € B(H™) be a contraction analytically depending on A in a do-

main D C C; and let v™1 (\) € B(H"), A € D. Let us consider the following pair
{a(\), b(N\)}, where

(27) a\)=—i(0(\)+L), b =v(\)—I, \eD.

Let us extend the pair {a (A),b (M)} (27) to the domain D; which is symmetric to D
with the respect to the real axis in the following way:

(28) v\ =@ (\), AeDy

(26) >0, AeD|JD:.

(and therefore v* ()) is stretching as A € D). As a result we obtain a pair of (23) type
with D (respectively D;) instead of C (respectively C_) and

_Jo(\), xeD ) L, rxeD
U(A)_{v*(;\), Ne Dy’ S(A)_{U(A), AeD;’

Therefore if A € D|J D; then for the pair {a (\),b (M)} (27), (28) the projections (12),
(13) exist and therefore for the operator M (A) (10), (12) the condition (7) holds and is
separated.

Lemma 1.1. The operator Weyl function mqp, (A) (18) corresponding to the pair {a (A\), b(\)}
(27), (28) satisfies for any h € H™ the identity

(29) S (map (M) R, h):i”./v (N v (\) =1, (In—im()\))gH%F%(m()\)g,g)7 AeD,

where g = ((I, — v* (X)) + i (I, +v* () m()\)))_1 h, (...)71 € B(H").
Proof. The Weyl function mg; (A) (18), (27), (28) is equal to

Map(N) = = 5 (il + 0" () = (I = 0" ())m(N)

(30)
x (I, —v*(\) +i(L, + v*(N)m(\) ", Ae D,
where (...)"t € B(H") in view of (14), (27), (28).
Now identity (29) follows from (30) by a direct calculation. O

In view of the fact that ma 4 (X) = my , (A), inequality (19), Lemma 1.1, condition
(8) and formula (22) the following theorem is valid.

Theorem 1.2. The solution Vi (t) (16)—(18), (27), (28) satisfies inequality (21) for
A € D\JD; (and therefore mqyp (M) (18), (27), (28) satisfies inequality (26) with 7 > 7
replaced with ” > ).
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Lemma 1.2. Let v (\) € B(H"™) be a contraction analytically depending on A € C. Let
limit points of the set S = {X € C4 : v=' (\) & B(H")} that belong to C. be isolated. Let
D = C4\S. Let us consider the operator-function mqp (A) (18), (27), (28) as A € D|J D;.
Then the points of the set S are removable singular points of this function. If mqp (X) is

extended to the set S in a proper way then we obtain the Nevanlinna operator-function
ma.b(A) =mg ,(A).

Proof. Let Ay € S not be a limit point of S. Then \g is a removable singular point
of the scalar function (mq (A) f, f) Vf € H™ in view of (29). Hence I3mg € B (H") :
)\lirr)} (map(N) f, f) = (mof, f)Vf € H™ in view of principle of uniform boundedness
—Ao

[18, p. 164], [19, p. 322]. If we define mqp (A) in the point Ag as mgp (Ag) = mo then
we obtain an operator-function which is analytic in the point A\ in view of [19, p. 195].
Analyticity of mgp (A) in the limit points of S belonging to C is proved analogously. O

Corollary 1.1. Let the construction v(A) € B(H™) satisfy condition of Lemma 1.2.

Then the corresponding solution Vy(t) (16)—(18), (27), (28) satisfies the inequality (21)
def

(Va(t) = (22), A¢ DUD,).

For the construction of solutions of Weyl type and descriptions of Weyl function in
various situation see [1, 24] and references in [1].

We consider in the separable Hilbert space H differential expression ) [y] of order
r > 0 with coefficients from B (H). This expression is presented in the divergent form,
namely
(31) Iyl =i k(M) [,

k=0
where lgj()\) = D]pj (t, )\) Dj7 l2j71(>\) = 1.Djil {Dq] (t, )\) + S5 (t, )\) D} Djil, D = %

Let —I) depend on A\ in Nevanlinna r?lanner. Namely, from now on the following
condition holds:

(B) The set B D C\R" exists, every its point has a neighborhood independent on
t € Z, in this neighborhood coefficients p; = p; (t,\), ¢; = qj (t,\), s = s; (t,\) of the
expression [y are analytic Vt € Z; VA € B, p; (t,\), g; (t,\), s; (£, \) € C7 (f,B (7—[)) and

P’ (t:X) € B(H) (r=2n),
(@it (EA) + Spp1 (BA) T EBH) (r=2n+1), tel;
these coefficients satisfy the following conditions:

(33) pj(t,/\):pj(t,;\), qj(t,)\)zs;‘(t,jx), ANeB (= =I5, AeB),

(32)

Vho,...,h[r+1] e H:

2

r41

[r/2] =
(34) 3( 22 (0 (B A) g hy) + 5 30 {(s5 (6 M) by, hioa) = (g5 (tv)‘)hj—lahj)})
7=0 j=1 < 0
SA -
teZ, SA#O.

Therefore the order of expression iy is even and therefore if r = 2n + 1 is odd, then
@m+1, Sm+1 are independent on A and s,41 = ¢q;, ;.
Condition (34) is equivalent to the condition: (iy) {f, f}/SA <0, t € Z, I\ # 0.
R

Here for differential expression L[y] = Y. i*Ly[y] with sufficiently smooth coefficients
k=0
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from B(H), where ng = Dij (t) Dj, L2j—1 = %Djil {DQJ (t) + Sj (t) D} Djil, we
denote by

[R/2
L{ﬁg}:Z( HI W), 9 ®)

7=0
[R
%g< ()19 (1), 657 (1)) ~ (@ (1)) 197 (1), 69 (1))

the bilinear form which corresponds to subintegral expression of the Dirichlet integral
for expression L[y].

Let m[y] be the same as ) [y] differential expression of even order s < r with operator
coefficients p; (t) = 5 (t), q; (), 5; (t) = ¢} (t) € C/(Z, B(H)) that are independent, on
A. Let

s/2 s/2
ho, ..., bz €H: 0 < > (B (#) hy ) + S (G5 (8) hj-1, hy)
— =
(36) [r/2] ; =5
S(X s (BN By hy) +4 % (55 (8 A) gy him1) = a5 (6 A) i, By)) )
< __3=0 j=1
— B %A )
teZ, SA#O.
Condition (36) is equivalent to the condition: 0 < m{f, f} < —(SL){f, f}/S\, t € I,
SA# 0.
In the case of even » = 2n > s we denote
(37) Q(tal)\) - J/Zv S(tvl)\) = Q(t7l)\)a
2 n
(38) H(t, I\) = lhaglly, p=1»  hap € B(H"),
where hi; is a three diagonal operator matrix whose elements under the main diago-
nal are equal to (%ql, ceey %qn,l)7 the elements over the main diagonal are equal to
(f%sl, ceey f%sn,l), the elements on the main diagonal are equal to (fpo, vevy —Dn_o2,
isnpg Lo —pn,l); h1s is an operator matrix with the identity operators I; under the main
diagonal, the elements on the main diagonal are equal to (O, ... 0, —%snp;l), all the
rest elements are equal to zero; hop is an operator matrix with identity operators I; over
the main diagonal, the elements on the main diagonal are equal to (07 s 0, 5py 1qn),
all the rest elements are equal to zero; hoo = diag (0, ..., 0, p;l).

Also in this case we denote 2
(39) Wit b m) = (6 0) {lmasl? s } O (L), map € B(HY),

where my; is a three diagonal operator matrix whose elements under the main diagonal
are equal to (f%(jl, ey f%zjn_l), the elements over the main diagonal are equal to
(%51, cee %5,1_1), the elements on the main diagonal are equal to (Po, - .., Pn_1); M1z =
diag (0, ..., 0, £5,), may = diag (0, ..., 0, —%Gy), meo = diag (0, ..., 0, pn).

2w (t,Ix, m) is given for the case s = 2n . If s < 2n one have to set the corresponding elements of
the operator matrices m,g to be equal to zero. In particular if s < 2n then mi2 = m2; = moz = 0 and
therefore W (t,15, m) = diag (m11,0) in view of (14) from [28].
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The operator matrix C (¢,1)) is defined by the condition
C () ol { £ (8), /(1) oo o7 (@), D (1), 10 (1))
= col {1 (tlia), FU(H0n) ooy ST L FE ) s S ()

where fl¥l (t|L) are quasi-derivatives of vector-function f (¢) that correspond to dif-
ferential expression Lly]; C71(t,1\) € B(H"), t € Z, X € B in view of (14) from [28].
The quasi-derivatives corresponding to Iy [y] are equal (cf. [36]) to

(40)

(41) Yt =y @), j=0, ..., [g}—l,
(n) _ iy g (n=1) =2
@ N A
(42) y ™ (t]in) { i n1y™, r=2n+1"

r—j r—j— j i j ) —
yIr=3 (t|1y) = —Dylr=i~=1 (t|l/\)+pjy(])+§ [3j+1y<J+1>_qjy<a nl,

(43) ) r—1
7j=0, ..., , q=0.

2

Then Iy [y] = yI (t|lx). The quasi-derivatives y*! (t|m) corresponding to mly] are
defined in the same way with even s instead of r and pj, ¢;, 5; instead of pj, g5, s;.
In the case of odd r = 2n + 1 > s we denote

J/Z®qn+1 , S(t,l)\){J/Z@Sn+1’ TL>0,
q1 S1, n=20

(44) Q1) = {

2
haslly, p=r» n>0
Do, TL207

(45) H(t, 1)) = {

where B (H™) 3 hq; is a three-diagonal operator matrix whose elements under the main
diagonal are equal to (%qh ey %qn,l), the elements over the main diagonal are equal to
(—%sl, ceey —%sn,l)7 the elements on the main diagonal are equal to (—pog, ..., —Pn—1),
all the rest elements are equal to zero. B (’H"“, 'H") 3 hio is an operator matrix whose
elements with numbers j, j — 1 are equal to Iy, j = 2, ..., n, the element with number
n, n+ 1 is equal to %sn, all the rest elements are equal to zero. B (’H", H7l+1) S hoy is
an operator matrix whose elements with numbers j — 1, j are equal to I1, j =2, ..., n,
the element with number n+ 1, n is equal to %qn, all the rest elements are equal to zero.
B (’H”“) S hgy is an operator matrix whose last row is equal to (0, ..., 0, —ily, —p,),
last column is equal to col (0, ..., 0, iy, —py), all the rest elements are equal to zero.
Also in this case we denote 3

(46) W(t, Z,\, m) = ||mocﬁHi,g:17

where m;; is defined in the same way as my; (39). B (’H”"‘l, 7-[") 5 myqo is an operator
matrix whose element with number n, n + 1 is equal to —%én, all the rest elements are
equal to zero. B (7—[", H"H) 3 mg is an operator matrix whose element with number
n + 1, n is equal to —%(jn, all the rest elements are equal to zero. B (’H”H) S Moy =
diag (0, ..., 0, pp).

Obviously in view of (33), (36) for H (¢,1) (38), (45) and W (¢,1x,m) (39), (46) one
has

(47) H* (t,1\) = H (t,15), W*(t,lx,m)=W (t,lx,m), t€I, MNEB.

3See the previous footnote.
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For sufficiently smooth vector-function f (t) we denote
(48)
H" > F (t, Ix,m)

s/2
> f(J()>690@~~@0, r=2n, r=2n+1>1, s<2n
7=0
B Ef ﬂﬂu>@0@-~@0@(4ﬂman,r=2n+1>Ls=2n
= =0
f(t)a r=1
<n—1 of (¢t )) ® <i @ flr=Jl (tln) , r=s5=2n.
j=0 Jj=1

Theorem 1.3. [28] Equation (1) is equivalent to the following first order system:
) N N .
(19) 5 ((QL)F®) +Q (4.1 Fpa’ (1)) = H (1) F (1) = W (¢, L, m) F (&, 13, m).

g
where Q (t,15), H (t,1\) are defined by (37), (38), (44), (45) and W (t,15,m), F (t,15, m)
are defined by (39), (46), (48) with l5 instead of . Namely if y(t) is a solution of
equation (1) then

(50)
g) =gt Ix, m, f)
(nz—:l Dy (t)) @(Zn: @ (yIr=al (¢ |in)— =9 (¢ |m))>7 r=92n
et L
- ( ;0 oy (t)) @(; & (ylr=al (¢ |in)— =9 (¢ |m))) @ (Hiy™(t)), r=2n+1>1
(here f¥(t|m) =0 as k< )
y (), r=1

is a solution of (49). Any solution of equation (49) is equal to (50), where y (t) is some
solution of equation (1).

Let us notice that different vector-functions f(¢) can generate different right-hand-

sides of equation (49) but only unique right-hand-side of equation (1).
Due to Lemma 1.1 and Theorem 1.2 from [28] we have % =W (t, Iy, —%) >0,

t € T, S\ # 0 and therefore H (t,1y) satisfies condition (A) with A = B. Therefore

Vu € BNRY W(t,1, = % is Bochner locally integrable in uniform

_M) )

%l“ dif %l”+i0 o al)\|
Sp S(pti0) T A=p’

operator topology. Here in view of (38), (45) Vu € BOR! 3

where the coefficients 22 ’é(i’“ ), 8q’é(f\’“ ), 35]5(;’“) of expression 0l,,/0u are Bochner locally

integrable in the uniform operator topology.
Also in view of Theorem 1.2 and Lemma 1.1 from [28] one has

SN _ \SH (t, Ix)
SN SN

Let us consider in H; = H" the equation

(51) 0<W4mhmo<W(tm teZ, SIA#0.

i W . iy . S
(2 S (QUITO) +Q () F(0) ~ Hit g () =W (10, —32 ) F (1),
This equation is an equation of (5) type due to (47), (51). Equation (4) is equivalent to
equation (52) with F' (t) = F (t,15, —3) due to Theorem 1.3 since W (¢, Ly, =Sl /SN) =
W (t, 5, —Six/SN) in view of (33), (47), (51).
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Definition 1.4. [28] Every characteristic operator of equation (52) corresponding to the
equation (4) is said to be a characteristic operator of equation (4) on Z.

In some cases we will suppose additionally that
I\ € B; a,B €T, 0€ [a, 3], the number § > 0 :
(53) Brsi .
- [ (552) Wit 0wt 0} a2 81PTO, 1y, m 0
for any solution y (t, A\g) of (1) as A = A, f =0, where P € B(H") is the orthoprojection

onto subspace N+ which corresponds to equation (52). In view of Theorem 1.2 from [28]
this condition is equivalent to the fact that for the equation (52)

I €A=B; a,f€Z, 0¢€ [a,f], the number § > 0 :

(Ax, (@, 8)9.9) > 5| Pgl*, geH"
Therefore in view of [24] the fulfillment of (53) implies its fulfillment with 6 (\) > 0
instead of § for all A € B.
Let us notice that in view of (36) ) can be a represented in form (2) where
(54)  I=RL, ny=In—1— m; S {f,f}/IN>0, teZ, SA#O.
From now on we suppose that [, has a representation (2), (54) and therefore the order
of ny is even.

We consider pre-Hilbert spaces H and H of vector-functions y(t) € C5 (Z,H) and
y(t)eCs (7:', 7—[) ,mly(t), y(t)] < oo correspondingly with a scalar product

(f (@), 9(®),, =mlf (&), g(®)],

where

(55) m(f, gl = | m{f, g}dt.
/

Here m {f, g} is defined by (35) with expression m[y] from condition (36) instead of L[y].
Namely,

s/2

m{f, g} = Z(ﬁj (t) F9t), g9 (1))

(@ ® F9®), 8570 = @ ) £ 1), g9 (1)

By L2, (Z) and L2, (T) we denote the completions of spaces H and H in the norm

e, =+/(e, e),  correspondingly. By P we denote the orthoprojection in L2, (Z) onto
L2 (2).

Theorem 1.4. [28] Let M (\) be a characteristic operator of equation (4), for which the
condition (53) with P = I, holds if T is infinite. Let SN\ #0, f(t) € H and

col {yj (tv)‘af)}
(56) :/IX,\ (t){M()\)—%sgn(s—t) (z’G)’l}X§ ()W (s,15,m) F (s,15,m) ds,
y; € H,

be a solution of equation (49), that corresponds to equation (1), where Xy (t) is the
operator solution of homogeneous equation (49) such that Xy (0) = I,; G = RQ (0,1,)
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(if T is infinite integral (56) converges strongly). Then the first component of vector
function (56) is a solution of equation (1). It defines densely defined in L2, (I) integro-
differential operator

(57) RA) f=u(t\f), feH,
which has the following properties after closing:

10

(58) R*(A)=R(X), SA#0;

2°

(59) R(\) s holomorphic on C\RY;
5

SR £, )
(60) 1ROV A1 g < ()m @ gz0, ferr@).

Let us notice that the definition of the operator R (\) is correct. Indeed if f (¢) € H,
m[f, f] =0, then R(X) f = 0since W (¢,15,m) F (t,15,m) = 0 due to (51) and Theorem
1.2 from [28].

Also let us notice that if L2 (Z) = L2,(Z) then Theorem 1.4 is valid with f(t) € H
instead of f(t) € H and without condition (53) with P = I,. if Z is infinite.

The resolvent R(A) can be represented in another forms (see Remarks 3.1, 3.2 from
[28]). The following proposition is the generalization of Remark 3.2 from [28].

Proposition 1.2. Let r = 2n, T = (0,b), b < oo, condition (53) hold with P = I,.
(Therefore for equation (52) condition (8) holds.) Let for characteristic operator M (X)
of equation (4) condition (7) be separated. (Therefore M (\) has representation (10)
where characteristic projection P (X) can be represented in the form (12), (13) with the
help of some Nevanlinna pair {—a(\),b(A\)} and some Weyl function m(\) of equation
(52); this equation with F(t) =0 has an operator solutions Uy (t), V (t) (16)-(18)). Let
domains D, Dy be the same as in Proposition 1.1. Then R(\)f (57) for A € D|J D; can
be represented in the form

5/2

/ Zvy (DY ( ) (s, X))*mk [f (s)]ds
n s/2 .
+/quj (03 (v (,0)) mi [f ()] ds,
b=t k=0

where the integrals converge strongly if the interval of integration is infinite. Here
uj (t,A), v; (t,\) € B(H) are operator solutions of equation (1) as f =0, such that

(o (00 o 63 = 0 (53] ).
(61) (v1 (£, A) ..o, (8, N))
=0 () ) KOV 0 ) ) s ).
K (X)), map (N see (17), (18),
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S(m(Ng,9)
SA ’
where g = (b*(\) — a*(\)m(X\) " h, h € H™ and therefore
(v1 (,A) 5o yvn (BLAN)h € L2 (T)  VheH"™

Moreover if a(X) =a (X), b(A) =b(X) as SA # 0 then we can set D = C, and

H(Ul (ta)‘)v"'vvn (t7>‘)) h||72n < %)‘7&07

S (map (A) hyh
(63) N (6A) o (6 N B, < S0 ) o) "g\&) ) sazo
R
Let the contructed v(\) € B(H™) satisfy the conditions of Lemma 1.2 and domains D,
D, be the same as in Lemma 1.2. Then corresponding solution (v1 (t, ), ..., vy (t, X))

(61), (17)), (18), (27), (28) satisfies inequality (63) ((v1 (t,N) ... v (£, X)) L [VA(t)]1,

A ¢ DU Dy, where [Vy(t)]1 € B(H™,H) is an analogue of [Xx(t)]1 for Vi(t) (22)).

Proof. The proof follows from Proposition 1.1, Corollary 1.1, Theorem 1.4 and also
Theorem 1.2 from [28]. O

Comparison of Theorem 1.4, Propositions 1.2 (in less complete form) with results for
various particular cases see in [28].

2. EIGENFUNCTION EXPANSIONS
It is known [13] that (58)—(60) implies (3), where E, € B (L2, (I)), E, = E.—o,
(64) 0<E, <E,<I pm<py FE_ =0
Here L is the identity operator in L2, (Z). We denote Eqg = % [Eg1o + Eg — Eato — Eal.

Theorem 2.1. Let M (X) be the characteristic operator of equation (4) (and therefore by
[24, p. 162]) SPM (A\) P/SA >0 as SA#0) and o (u) = w—leifg% o SPM (u+ ie) Pdp
be the spectral operator-function that corresponds to PM (\) P.

Let the condition (53) with P = I,. hold if T is infinite. Let E,, be generalized spectral
family (64) corresponding by (3) to the resolvent R (\) from Theorem 1.4 which is con-
structed with the help of characteristic operator M (X\). Let Bt = BNRY. Then for any
[, B] C B! the equalities

o

o ﬁ o
PEosf(t)= P/ (X ()]s do (w) @ (p, ), if f(t) € H, T is infinite,

B

(65)
Basf 0= [ X, (O] do )0 (). if £ (0)€ H T is fiite

are valid in L2, (I), where [X) (t)], € B (H", H) is the first row of the operator solution
X (t) of homogeneous equation (49) which is written in the matriz form and such that

X, (0)=1,,
[ @@y misan 70 € i,
(66) o (u f)= /([Xﬂ ),) W (t,1,,m) F (t,1,,m)dt, if f(t) € H, T is finite
A
or f(t) € ﬁ],

ne [a, ]
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Moreover, if vector-function f (t) satisfy the following conditions:

,I%Eoof:f, I%/ dE,f =0, if fe€ H, T isinfinite,
(67) RI\BI

Exf =1, / dE,f =0, if feH, I is finite
R1\B!
then the inversion formulae in L2, (T)

f)=p / X, (0], do (1) (s f), if £ (1) € H, T is infinite,
(68) B
PO = [ X OLdoplud). i 50) € H, T is fnite

and Parceval’s equality

(69) miral= [ (@70 1).¢(n)

are valid, where g (t) € H if T is infinite or g (t) € H if T is finite.

In general case for f (t), g (t) € H if Z is infinite or f (t),g(t) € H if T is finite, the
inequality of Bessel type

(70) m[f(t),9(1)] < /31 (do (1) ¢ (n, £) ¢ (1,9))
1s valid.

Let us notice that B' = Ug(ay,bx), (aj,b;) N (ak,bx) = @, k # j since B! is an open
set. Tn (68) P [, = P [ In (68)-(70) we understand [y, similarly.

lim
aglak,BrTby

Proof. Let for definiteness r = s = 2n, T is infinite (for another cases the proof becomes

simpler). Let the vector-functions f (), g (t) € Iif, A= pu+ig,G (t,1n,m) be defined by
(48) with g (¢) instead of f (¢). In view of the Stieltjes inversion formula, we have

1 (P _
(Ea,ﬁfvg)Lgn(I) = 1;&}%A ([yl (ta)\uf) — U1 (t; Avf):l ,g)m d/‘L

= Elfgﬁ j {(371 (t,In,m, f) 7G(t7l)\am))Liv(t‘lA‘nl)(I)
= (0 (&, 1x,m, ), G (t, 15, m)) ()
(71) w(t.i5.m)
+ 21/ ((@pt (e 2) £ (¢ lm) g (¢ m) ) dt] dp
11 A
:13&’%/& {(M()\)/IX; (&)W (£,15,m) F (£ 15, m) dt,

/X; ()W (t,15,m) G (¢, Ix, m) dt)
A
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(M) [ X3 OW (6l m) F (6 m)
A
/X§ )W (.15, m) G (t,15,m) dt)}dﬂ
z
B
- / (dor (1) / XA (0 W (t,1,,) F (1,1, m) dt,
a z

/X;; ()W (t,1,) G (t,1,,m) dt),
A

where ¥ (t,Ix,m, f) is defined by (50) with y1 (¢, A, f) (57) instead of y(t); the second
equality is a corollary of formula (40) from [28], the next to last is a corollary of (56) and
the last one follows from the well-known generalization of the Stieltjes inversion formula
[40, p. 803], [8, p. 952]. (In the case of finite Z we have to substitute in (71) M (X) by
PM(X)P and then when passing to the next to the last equality in (71) we have to use
the remark after the proof of Lemma 2.1 from [28].) But for A € B

(72) / X3 ()W (¢, 15, m) F (t.13) dt = / (X5 (B)],)" m [f] dt,

A

because in view of Theorem 2.1 from [28]

Vhe N : (/ X2 ()W (8,15, m) F (t,13) d, b)
T

=/I<W<t,zx,m>F<t,zx>,Xx (1) h)dt=</ (X51,) m[f] b dt.

z
Due to (71), (72), (66)

B
(73) (Eapf9) 130 = [ (00 ()% (1) 0 (1.9).

The equality (69) and inequality (70) are the corollaries of (73).

Representing ¢ (u, g) in (73) by the second variant of (66), changing in (73) the order
of integration and replacing fa by integral sum and using Theorem 2.1 from [28] we
obtain that

B
(Bapf9)3. 0= (| [0 () do ()¢ (. 5) 9 (0,0

(o)

B
— (P / X, (0], do (1) @ (s £) .9 ()22

since g(t) € H and (65) is proved. Equalities (68) are the corollary of (65), (67). Theorem
2.1 is proved. O

Let us notice that if L2 (Z) = L2, (Z) then Theorem 2.1 is valid without condition (53)
with P = I, if 7 is infinite.

Formulae (65), (68), (69) are similar to corresponding formulas for scalar differential
operators from [40] (operator case see [8]). For such operators the formulas that corres-
ponds to (65), (68), (69) are represented in [14, p. 251, 255], [32, p. 516] in another form.
Let us represent for example inversion formula (68), in the form analogues to [14, 32].

Proposition 2.1. Let all conditions of Theorem 2.1 hold. Let us represent spectral
operator-function o (p) in matriz form: o (p) = |0, (/L)||;j:1, oi; (n) € B(H). Then
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the following inversion formulae in L2, (I)

(7) Fa =B [ Y e () [ 2 s mls )] ds

o ) )= 5/2 *
(75 f(W)=P /B Y @it doys () /I > (2 (s.0) il ()] ds
i,j=1 k=0

are valid if T is infinite, vector function f (t) € ﬁ] satisfies (67). Let I is finite. Then ]C;’,
n (74)—(75) disappears, and (74) (respectively, (75)) is valid for vector functions f (t) €

H (respectively, f(t) € H) satisfying (67). In formulae (74), (75): z;(t,n) € B(H),
(@1 (t ),y (t, ) = [Xu(t)]1, my[f(s)] see (62).

The proof of this proposition is carried out in the same way as the proof of (68) taking
into account the proof of Remark 3.1 from [28].

Further we present several statements (Theorem 2.2, Proposition 2.3) which allow to
check the fulfillment of conditions (67) of Theorem 2.1 in various situations.

It is known (see for example [21, 22] or [28, Ex. 3.2]) that even in the case ny [y] =0
in (1), (2) there is such E,, satisfying (3), (56)—(60), (64) that Eo, # I.

On the other hand if ny[y] = 0 then R()) is a generalized resolvent of relation £y and
Vf € D(Ly) Exof = f in view of [20, 22]. Here Ly is the minimal relation generated in
L2,(Z) by the pair of expressions [[y] and m[y]; in particular Lo D {{y(t), f(t)} : y(t) €

Co(2), f(t) € H, Iy = m[f]} (see [26, 28]).

Let expression ny in representation (2), (54) have a divergent form with coefficients
pj =D; (L, A),q; = q; (1, A),8; = 55 (1, ).

We denote m (t) three-diagonal (n+ 1) x (n+ 1) operator matrix, whose elements
under main diagonal are equal to (f%ql, ceey f%(jn), the elements over the main diagonal
are equal to (%51, cee %én), the elements on the main diagonal are equal to (po, - .., Dn),
where p;, q;,5; = q; are the coefficients of expressions m. (Here either 2n or 2n + 1 is
equal to the order r of I)). If order of ny is less or equal to 2n, we denote n (t, A) the
analogues (n + 1) x (n 4 1) operator matrix with ﬁj, (fj, §j instead of p;,q;, 5;. If order
m or order ny is less than 2n, we set the correspondent elements of m (t) or n (¢, \) be
equal to zero.

Theorem 2.2. Let in (1), (2) the order of the expression ny[y] is less or equal to the
order of the expression (I — Am)[y] (and therefore in view of (54) the order of | — Am is
equal to r; so Q (t,1\) = Q (t,1 — Am)). Let y = Rxf, f € H be the generalized resolvent
of the minimal relation Lo generated in L2 (Z) by the pair of expressions lly], mly] and
let y satisfy equation (1). Let y3 = R(\) f, f € H be the operator (56), (57) from
Theorem 1.4.

Let the following conditions hold for T > 0 large enough:

1°.
(76)
lim ([éRQ (t, l/\)] (?71 (ty l)nmv f)_?j(t7 l_)\m7 m, f))7 (271 (t7 l/\,mv f))_g(tv l_)‘m7 m, f)) s <0
ala, B1b I W
A =T
2.
(77) Sn (t,A) <c(t,7)m(t), teI, =i,

where the scalar function c(t,T) satisfies the following condition:

(78) supc(t,7)=o0(r), T — +o0.
tel
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Then for generalized spectral family E, (64) corresponding by (3) to the resolvent
R (X) (56)—~(57) from Theorem 1.4 and for generalized spectral family &, corresponding
to the generalized resolvent Ry one has Fs = Es.

Let us notice that in view of (77) the coefficient at the highest derivative in the
expression [ — Am has inverse from B (H) if t € Z, S\ # 0.

Proof. Let f(t) € H, y1 = R(\) f, y = Rxf. Then 2z = y; — y satisfies the following
equation:
(79) Lzl = Am[z] = na fya] -

Applying to the equation (79) the Green formula [28, Theorem 1.3] one has

’ ’ 79|
/3(m{y1,z})dt+/ m{z,z}dtzéw

~ )
o SA

where Z = Z'(t,l — Am,nx,y1) = 91 (t,Ix,m, f) — (¢, 1 — Am,m, f) in view Lemma 1.2
from [28] and of (50). Hence for 7 > 0 large enough

m|z,z] < —/ S (na [yl,z])dt/T

T
S/I‘(n(t,/\)col{yl,y’l,..,7y§”)}’Col{Z7z/,_..7z(n)})‘dt/7_’ N

in view of (76). But due to the inequality of the Cauchy type for dissipative operators [41,
p. 199] and (77), (78): subintegral function in the last integral in (80) is less or equal to

(m{z2)"? (m {y1,11})""* 0 (1) with A = i7, 7 — +o0. Therefore ||z, < o(1/7) |,
since |Ry|| < 1/|SA|. Hence

IR(AN) —Rx|| <o(1l/7), A=ir, T — +o0.

To complete the proof of the theorem it remains to prove the following

(80)

k
Lemma 2.1. Let Ry (\) = [p %, k = 1,2, where Efj are the generalized spectral
families the type (64) in Hilbert space H. If |R1 (A) — Ro (V|| < o(1/7), A =T, T —
+00, then EX = E2%..

Proof. Let f €eH o (u) = ((E), — E}) f,f). One has
[([R1 (N) = R2 (V)] £, f)]

R O s S ey

A=1ir, T — +o00.

<o(1/7) I I,

Therefore

o [ R

For an arbitrarily small e > 0 we choose such finite interval A (¢) that for any finite

interval A D A(e) : ‘le\A Aif:();\x)‘ < 5, A = ir. But for any finite interval A O

A(g)IN = N(A):Vr > N : )fA ”Zi(f)‘ < 5, A = ir. Therefore Ve > 0,A D A(e) :

| [ do (n)| < e in view of (81). Hence Vf €H: (EL f, f) = (E% f, f) = EX = E%.
Lemma 2.1 and Theorem 2.2 are proved. O

(81) <o(l), A=ir, T— 4oc.
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Corollary 2.1. Let the conditions of Theorems 2.1, 2.2 hold. Then for generalized
spectral family E,, from Theorem 2.1V f (t) € D(Loy) : Exof = f.

(o)

Remark 2.1. If L2 (T) = L2,
rem 2.2 for f € ;I

In regular case condition (76) in Theorem 2.2 holds if Ryf and R()\)f satisfy ”the
same” boundary conditions. More precisely, the following statement holds.

(T), then it is sufficient to verify condition (76) in Theo-

Proposition 2.2. Let interval T be finite. Let the order of expression ma[y] be less
or equal to the order of expression (I — Am)[y] and the coefficient p(t,\) of | — dm at
the highest derivative has the inverse from B(H) for S\ # 0, t € Z. Let for equation
(1), (2) with ny [y] = 0 there exist \g € C, o, 8 € Z, number § > 0 such that 0 € [a, 3],
p~t(t,No) € B(H) fort € |a, 8] and condition (53) holds with P = I,. and these Ao, «, .

Then for equation (1)—(2) condition (53) with P = I, and these «, 8 also holds for
any Ao € B with §(Ao) > 0 instead of §.

For an arbitrary f(t) € H the boundary value problem which is obtained by adding to
equation (1)—(2) with ny[y] =0 (respectively, (1)~(2)) boundary conditions

(82) Elh:h(kaf)eHT g(a7l_Am7m7f):MAh7 g(bal_Am7mvf):N)\h
(83) (respectively, Elhl :hl (>‘7 f) S g(av l)\,m, f):M)\hl, g(b7 l)\amv f) :N)\hl)a

has the unique solution y = Rxf (respectively, y1 = R(\) f) in C"(Z,H) as S\ # 0.
Here §(t,1x,m, f) see (50); the operator-functions Mx,Nx € B (H") depend analytically
on the non-real A,

M5 IRQ (a,1)] My = N3 [RQ (b, )] N3, SA£0,

where Q (t,1)) is the coefficient of equation (49) corresponding by Theorem 1.3 to equa-
tion (1),

|Mxh| + |[NAR|| >0, 0#heH", SA#O,
the lineal {Mxh ® N\h|h € H"} C H?" is a mazimal Q-nonnegative subspace if S\ # 0,
where @ = (SA) diag (RQ (a, 1)), —RQ (b,1))) (and therefore

SAWNX RQ (b, )] Nx = MK [RQ (a,1N)] My) <0, SA#0).

Operator Ryf (respectively, R(N)f) is a generalized resolvent of Lo (respectively, a
resolvent of (57) type). This resolvent is constructed by applying of Theorem 1.4 with
the characteristic operator

(1) MO =1 (X5 (@M + X5 0N) (X5 @My - X5 0N 7 (6)7,

to equation (1), (2) with ny[y]=0 (respectively, (1)-(2)). Here (X/\_l(a)./\/lAfX/\_l(b)./\/}\)71
€ B(H"), SA#0, X\(t) is an operator solution from Theorem 1.4 which corresponds to
equation (I — dm)[y] = 0 (respectively, I5]y] =0).

The resolvents y = Ryf and y1 = R (X\) f satisfy condition (76) of Theorem 2.2.

Let us notice that if Z is finite and condition (53) holds with P = I,. then any charac-
teristic operator of equation (4) has representation (84) in view of [24]. Also we notice
that if Z is finite, n)[y] = 0 and condition (53) holds then any generalized resolvent of
Ly can be constructed as an operator R(\) from Theorem 1.4 in view of [28].

Proof. In view of Theorems 3.2, 3.3 from [28] it is sufficient to prove only proposition
about condition (53).

Let for definiteness order [ = order m = order ny = 2n.

Let for equation (1)—(2) with ny [y] = 0 condition (53) hold with P = I,. and Ao, «, 5
as in formulation of proposition, but for equation (1), (2) that is not true for any A\ € B.
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Then in view of [24, 26] the solutions yy, (¢) of equation (1)—(2) with f(t) =0, A = i exist
for which

B
(85) /<m+%ni>{yk,yk}dmo, G (0,16,m,0) = fur full = 1,

where iSn; = n; in view of (54). Hence in view of Theorem 1.2 from [28])

B B
(86) / (W (¢, l4+im,n;) Yy (¢, 1+im,n;) , Y (8 1+im,n;)) dt = / n; {yk, yx } dt = 0,
« «

where Yy, (¢,1 +im,n;) is defined by (48) with yx(¢), | + im, n; instead of f(t), Ix, m
respectively.
On the other hand

(87) X;(t) fr=Xi(t) fu + X (t /X 8) JTIW (5,14 im,n;) Yy (5,1 +im,n;) ds

in view of Theorem 1.3 and the fact that g (t,{ —im, n;, yx) = Gk (t, l;, m,0), where X (t)
is an analogue of X (t) for the case ny [y] = 0.
Comparing (86), (87) we see that

(88) |05 X0 5| =0

uniformly in ¢ € [a, §].
In view of (85) subsequence y;, exist such that

(89) A Yy, Yk, } 50, g {yn,. yr, } =50

Due to second proposition in (89) and the arguments as in the proof of Proposition 3.1
from [28] one has

(%0) o) (tni) 50, j=n,....2n.
Let us denote g, (t) = X; (t) fr,- In view of Theorem 1.3 and (88)

(91) [ @ -3 0 =0 j=1n-1,

| @n (®) = i (0) [ (&)~ 52 ()]

(92) — an® — i) 5700~ 500 — ol o) |

= ok ey = 5 @l = im)| - 0

uniformly in ¢ € [, 8]. Comparing (89), (90), (92) and using (pn (t) — ipn (1)) ”" € B (H)
we have

(93) (B0 03 0,37 () “% 0.
In view of (91), (93), (89)

m{gk‘qygkq}aj)‘oa gkq(oyl_im7m70) :fk?q7

that contradicts to the condition (53) with P = I, for equation (1), (2) with ny [y] = 0.
Hence for equation (1), (2) condition (53) with P = I, holds for Ag = 4 and therefore for

any A\g € B. Proposition 2.2 is proved. O
If the set R'\B' has no finite limit points then to verify the condition ]% J...=0
or [...=0in (67) we can use the following proposition which is a corollary of Lemma

from [39 p. 789].
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Proposition 2.3. Let R(\) = le %, where E,, is generalized spectral family in
Hilbert space H; g € H. If 0 is not a point of continuity of E,g, then 3c(o,g) > 0:
IR (o +ir)gll ~ %22, 7 0.

Proof. Let A be a jump of E,, in the point o. Then Ag # 0,

A dE - E <
(94) R(a—l—iT)g:i—g—i—/ 1“9 where E,=<¢"" =
T RL M — A E,—A, p>o

Since the second term in (94) is o (1/|7_‘) in view of [39, p. 789]* proposition in proved. [J

In the next theorem Z = R* and condition (53) hold with P = I,. both on the negative
semi-axis R! (i.e. as Z =R!) and on the positive semi-axis R} (i.e. as Z =R1).

Theorem 2.3. Let T = R!, the coefficient of the expression Ix[y] (2) be periodic on each
of the semi-azes R and Ri with periods T— > 0 and T4 > 0 correspondingly. Then the
spectrums of the monodromy operators Xy (£Ty) (X (t) is from Theorem 1.4) do not
intersect the unit circle as S\ # 0, the characteristic operator M (X\) of the equation (4)
is unique and equal to

(95) M) = (P ) - ifr) (0)" (S £0),

where the projection P (A) = Py () (Py (A) 4+ P_ ()", Ps (\) are Riesz projections of
the monodromy operators X (£T4) that correspond to their spectrums lying inside the
unit circle, (Py (\) + P_ (\)) ™" € B(H") as S\ # 0.

Also let dimH < oo, a finite interval A C BY. Then in Theorem 2.1 do (u) =
doge (1) + dog (1), € A. Here oq4c (1) € AC (A) and, for u € A,

The (1) = 5-G (@2 (W GQ- (1) ~ @4 (W GQs (1) G,

where the projections Q+ (1) = q+ () (Py (1) + P— (1)) ™", gz (n) are Riesz projections
of the monodromy matrices X, (£T%) corresponding to the multiplicators belonging to
the unit circle and such that they are shifted inside the unit circle as p is shifted to the
upper half plane, Py (1) = Py (u+10); o4 (1) is a step function.

Let us notice that the sets on which g+ (1), Ps (1), (Py (1) + P— (1))~" are not in-
finitely differentiable do not have finite limit points € B! as well as the set of points of
increase of oq (p).

Proof. The proof of Theorem 2.3 is similar to that on in the case ny [y] = 0 [26]. O

The following examples demonstrate effects that are the results of appearance in [y
(2) of perturbation n) depending nonlinearly on .
In Examples 2.1, 2.2 nonlinear in A perturbation does not change the type of the

spectrum. In this examples dimH = 1, m[y] = —y" +y. L2, (Z) = L2, (Z) = W, * (RY).
In Example 2.3 such perturbation implies an appearance of spectral gap with ”eigenvalue”
in this gap.

Ezample 2.1. Let

h
_-/_ _ 1’ _ _
Lyl =i — A=y +v) ( Ay)7 h > 0.

4Lemma from [39, p. 789 is proved for families E, with Eo =identity operator. But analysis of its
proof shows that it is valid in general case.
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Here B=C\0, Ey = E,g, spectral matrix o (u) € ACiqc,
2

——— 0
o (p) = L \/4h+1—4p2 , as  |u| < +/h+1/4,
o 0 VAL + 1 — 42

o' (u)=0, as |u| >+ /h+1/4.

In Example 2.1 nonlinear in A perturbation change edges of spectral band.

Ezxample 2.2. Let

h
lx[y}—y(”)—/\(—y“ry)_( ) =0

h
Here B = {E \ {0}, 70 Ey = E,y, spectral matrix o (1) € ACjoc,

) h=0’
2
A+vVD 0 0 -1
0 A +vD 0
1 /A+vD 2,
myV.o D 0 —\+vD (kﬁ) 0 ’
2 2
-1 0 0 AVD

o' (n) = ,
1
7 0 0 -1
1 1 0 -1 0
TR0 —vE a(A-va) 0
-1 0 0 A= Va

as p* <p<vh
where D = p? —4q, ¢ = h/p — p, u* = p* (h) — nonnegative root of equation D = 0.
o' () =0, s ¢ [~V 0] Ulu*,00).

In Example 2.2 nonlinear in A perturbation implies an appearance of additional spec-
tral band [—h,0], variation of edge of semi-infinite spectral band and appearance of

interval (u*, \/E) of fourfold spectrum.

Ezxample 2.3. Let dimH = 2,

0 -1 —h/A 0

h
Here B = {E \ {0, h f g, spectral matrix o (1) = Gac () + 04 (1), Tac(p) € AC)oc,

ol (p) # 0, as |u| > Vh, ol (1) = 0, as |u| < Vh, step-function oq (1) has only one

0 0
jump ( 0 \/E/2 ) in point = 0 (inside of spectral gap). In this point

— 00

0 0 oo
(Eyo — Eo) f = < 0 \/5/2 ) / e VISl (s)ds,  f (1) € L? (RY) .

Let us explain that in Examples 2.1, 2.2: 1) Spectral matrices are locally absolutely
continuous in view of Theorem 3.6 and estimates of the type ||M (N)|| ~ e A—=1i0), a<
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1 for corresponding characteristic operators (cf. [20]) that follows from (95); 2) Equalities
Ey = E4g follow from Proposition 2.3, equality L2 (R') = L2, (R') and estimates of
the type ||R (iT) g|l,, < <€) (r—0),8<1,g€ H that follows from Theorems 1.4, 2.3

m = W’
and Floquet Theorem.
Let us notice that in view of Floquet theorem conditions of Theorem 2.2 ((76) with
account of Remark 2.1) hold for all Examples 2.1-2.3.
The following theorem is a generalization of results from [39] on the expansion in solu-
tions of scalar Sturm-Liouville equation which satisfy in regular end point the boundary
condition depending on spectral parameter.

Theorem 2.4. Let r =2n, T = (0,00), condition (53) with P = Ty, hold. Let contrac-
tion v (\) € B(H"™) satisfy the conditions of Lemma 1.2. Let v (\) analytically depend
in X in any points of BL = R*(\ B and be unitary in this points.

Let R () (57) correspond to characteristic operator M (X) (10), (12) of equation (4),
where characteristic projection (12) corresponds to some Weyl function m(X) of equation
(52) and to pair (27), (28) which is constructed with the help of this v(\). Let the
generalized spectral family E,, correspond to R () by (3).

Let mgp, (A) be Nevanlinna operator-function from Lemma 1.2 corresponding by (18),
(27), (28) to these v(A\) and m(A). Let o4 (1) = w — 151151 L ¥ Sma,p (1 + ie) du be the

spectral operator-function that corresponds to mq.p ().
Then every proposition of Theorem 2.1 is valid with o4 (1) instead of o (1), (w1 (¢, A),
co Uy (8, ) instead of [ X (1)), and

so(u,f)=/z(ul (E 1) syt (£ 0)) o[ (2)] dit
s/2

= 30 () o) (6 ) e [ 1)

T k=0
instead of p(u, f) (66), where u; (t,\) see (61), my [f (t)] see (62).

Therefore if we represent spectral operator-function oqp (1) in matric form: oqp (1) =

[CHmm

4,j=

; (0ap (1);; € B(H) then, for exzample®, the following inversion for-
1

mula is valid in L2, (0,00) for any vector-function f(t) € H satisfying (67):

fy="p En: w; (t,p) d(oap (1) | uj(s;p)ml[f(s)]ds
B!, z

1,j=1

n s/2 .
=P [ 3w doan )y 3 (5 ) mls (s

4,J=1

The proof is carried out in the same way as the proofs of Theorem 2.1 and Proposi-
tion 2.1 with the help of Proposition 1.1 and Lemma 1.2.

Let us notice that in contrast to operator spectral function o, () from Theorem 2.4
the scalar spectral function in [39] was constructed with the help of different formulae
that corresponds to such intervals of real axis where v () # —1 or v (i) # 1. But already
in matrix case it is impossible to construct the spectral matrix according to [39] since
here for some real A (and even for any real A\) (v(\) + I,,)~* and (v(\) — I,,)~! may
simultaneously do not belong to B(H"™).

5Also (65), Parseval equality (69), Bessel inequality (70) can be represented in a similar way.
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Remark 2.2. Let contraction v (X\) € B (H™) is analytic in any point A € C1 (B and
is unitary in any point X\ € B* # @. Let dimH < oco. Then v ()\) satisfy conditions of
Lemma 1.2.

If dimH = oo in general it is not valid. Namely let domain D C C., dist {D, [—a, a]}

> 0Va € RL; set{\i}se, C D in dense in D. Let us consider in H" = (I2)" the
following operator v (A) = vy (A) @ I,—1, where vy (A) = diag {i:—%‘l’:}k X This operator
is analytic in any point X € C,, is a contraction for A\ € C4 and is unitary for A\ € R!.
But for this operator the set S = {A\ € C4 :v™' (A) ¢ B(H")} =D.

Finally, we note that, obviously, an analogue of Theorem 2.4 is valid for Z = (0, b),
b < oo.
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