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INTRODUCTION

We consider either on finite or infinite interval operator differential equation of arbitrary
order

Wy =m[f], teZ, T=(a,b) CR (1)
in the space of vector-functions with values in the separable Hilbert space H, where

Wyl = Uy = Am[y] — nalyl, (2)

lly], m[y] are symmetric operator differential expression. The order of I)[y] is equal to r >
0. For the expression m[y] the subintegral quadratic form m{y,y} of the Dirichlet integral
mly,y] = [; m{y, y}dt is nonnegative for t € Z. The leading coefficient of the expression m/[y]
may lack the inverse from B(H) for any ¢ € Z and even it may vanish on some intervals. For
the operator differential expression ny[y| the form ny{y,y} depends on A in the Nevanlinna
manner for ¢t € Z. Therefore the order s > 0 of m[y] is even and < r.

In the Hilbert space L2, (Z) with metrics generated by the form m/[y, y] for equation (I)-(2)
we construct analogs R(\) of the generalized resolvents which in general are non-injective and
which possess the following representation:

where E, is a generalized spectral family for which E is less or equal to the identity operator.
(Abstract operators which possess such representation were studied in [16].)
This construction is based on a special reduction of the equation

ly] = mlf] (4)
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to the first order system with weight. Here [ and m are operator differential expressions which
are not necessary symmetric (in contrast to (2))). For construction of R(\) we also introduce
the characteristic operator of the equation

l)\[y] :_wv tEf, (5)

SA
where (SU)[f] = 5 (I[f] — I*[£])-

In the case r = 1, nyly] = H\(t)y (here the mentioned reduction is not needed) the
resolvents R(\) was constructed in [21].

Further in the work we consider the boundary value problem obtained by adding to equation
[@D-@) the dissipative boundary conditions depending on a spectral parameter. We prove
that for some boundary conditions solutions of such problems are generated by the operators
R(A) if, in contrast to the case s = 0, nyly] = Hy(t)y, the boundary conditions contain the
derivatives of vector-function f(t) that are taken on the ends of the interval.

In the case nyly] = 0 the results listed above are known [24], and R(\) is the generalized
resolvent of the minimal relation generated by the pair of expressions {[y] and mly]. For this
case we show in the work that in the regular case all generalized resolvents are exhausted
by the operators R(\), and thereby by virtue of [22] their full description with the help of
boundary conditions is given. A review of other results for the case ny[y] = 0 is in the work

In the works [9], [10] the question of the conditions for holomorphy and continuous re-
versibility of the restrictions of maximal relations generated by I)[y] @) with m[y] = 0,
naly] = Hx(t)y in L?\\SHA (1)/3% (SAo # 0) and also by the integral equation with the Nevan-

0

linna matrix measure was studied (using some of the results from [22]). We remark that the
relations inverse to those ones considered in [9], [I0] do not possess the representation ().
Also we note that the resolvent equation (I))-(2]) is not reduced to the equations considered
in [9], [I0].

Many questions, that concern differential operators and relations in the space of vector-
functions, are considered in the monographs [2] [4, [5] 18] 27 28], 34} B5] containing an extensive
literature. The method of studying of these operators and relations based on use of the
abstract Weyl function and its generalization (Weyl family) was proposed in [14], 12} [13].

A preliminary version of results of this paper is contained in preprint [25]. The expansion
formulae in the solutions of the homogeneous equation () will be obtained in our next paper.

We denote by (. ) and || - || the scalar product and the norm in various spaces with special
indices if it is necessary. For differential expression L we denote Rl = $(1+1*), Sl = & (I—1*).

Let an interval A C R, f(t) (t € A) be a function with values in some Banach space B.
The notation f (t) € C* (A, B), k=0, 1, ... (we omit the index k if k& = 0) means, that in
any point of A f (t) has continuous in the norm || - || 5 derivatives of order up to and including
[ that are taken in the norm ||| z; if A is either semi-open or closed interval then on its
ends belonging to A the one-side continuous derivatives exist. The notation f (t) € C¥ (A, B)
means that f (t) € C* (A, B) and f (t) = 0 in the neighbourhoods of the ends of A.

1. THE REDUCTION OF EQUATION (@) TO THE FIRST ORDER SYSTEM OF CANONICAL TYPE
WITH WEIGHT. THE GREEN FORMULA

We consider in the separable Hilbert space H equation (@), where I [y] and m [f] are dif-
ferential expressions (that are not necessary symmetric) with sufficiently smooth coefficients
from B (M) and of orders > 0 and s correspondingly. Here r > s > 0, s is even and these



expressions are presented in the divergent form. Namely:

Lyl => il [y, (6)
k=0

where ly; = D7p; (t) D7, lpj—1 = 5 DI {Dq; (t) + 55 (t) DY DI~ p; (1), 45 (1), 55 (t) € C7 (Z, B (H)),
D = d/dt; m[f] is defined in a similar way with s instead of r and p; (), ¢; (t), 5; (t) € B (H)
instead of p; (t), q; (t), s; (t).

In the case of even r = 2n > s, p.! € B (H) we denote

awn=( 5 v ) =5 sen-qw, @

H(t7 l) = Hhaﬁnig:l’ hozB €B (Hn)v (8)

where I, is the identity operator in B (H™); hi; is a three diagonal operator matrix whose
elements under the main diagonal are equal to (%ql, el %qn_l), the elements over the
main diagonal are equal to (—%sl, e —%sn_l), the elements on the main diagonal are
equal to (—po, cery, —DPn_2, isnpglqn —pn_l); h12 is an operator matrix with the iden-
tity operators I; under the main diagonal, the elements on the main diagonal are equal
to (0, ey 0, —%snpgl), the rest elements are equal to zero; hoj is an operator matrix with
identity operators I; over the main diagonal, the elements on the main diagonal are equal to
(0, ceey 0, %pglqn), the rest elements are equal to zero; hos = diag (0, ceey 0, pgl).
Also in this case we denote []

W (t, 1, m) = €71 (4,0 {Imagl? gy } C7H (1) ;mas € B(H), (9)

where myq; is a tree diagonal operator matrix whose elements under the main diagonal are equal
to (—%ql, e —%Ljn_l), the elements over the main diagonal are equal to (%§1, e %§n_1),
the elements on the main diagonal are equal to (P, ..., Pp—1); mi2 = diag (O, ey 0y %§n),
mor = diag (0, ..., 0, —%Gyn), mag = diag (0, ..., 0, pp).

Operator matrix C' (¢,1) is defined by the condition

C(taycol {f (1), f' (&), .o, FO0 (), FE (1), 0 (1)} =
= col { £ el0), S0ty S e B ) f e ) 10)

where fI¥l (t|L) are quasi-derivatives of vector-function f (t) that correspond to differential
expression L.
The quasi-derivatives corresponding to [ are equal (cf. [33]) to

Y @t =y D (), j=0, .., H 1, (11)

2
(n) _ ig yn=1) . —
y[n} (t’l) _ { Pny any , T=12n

12
~Sanpry™, r=2m4+1 12

. o . 1 . . . r—1
yr =L@ |1) = =Dyl =77 (¢ 1) +pjy(]) + 5 |:3j+1y(]+1) _ qjy(J 1)} ,j=0, .., [ ] , qo = 0.
(13)
Ly (t,1,m) is given for the case s = 2n . If s < 2n one have set the corresponding elements of operator

matrices mapg be equal to zero. In particular if s < 2n then mi2 = ma1 = mao2 = 0 and therefore W (¢,1,m) =
diag (m11,0) in view of ([I4).
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At that 1[y] = yl"l (¢]1). The quasi-derivatires yl¥! (¢|m) corresponding to m are defined in
the same way with even s instead of r and pj, g, 5; instead of p;, g;, s;.
It is easy to see that

O(tvl) - < Cy1 Cao ) ) Caﬁ €B (H )7 (14)
C51, Cyo are upper triangular operator matrices with diagonal elements (—%ql, cee —%qn)

and ((—1)n_1pn, (=1)" 2p,, ..., pn> correspondingly.
In the case of odd r = 2n + 1 > s we denote

Q(t,n:{‘m@q"“ , S(t,o:{J/Z@S"“’ " (15)
q1 51, n =20

he 512 ., n>0
H (1, 1) = {“ om0, (16)
bo, n =20

where B (H™) > hip is a three-diagonal operator matrix whose elements under the main
diagonal are equal to (%ql, ce %qn_l), the elements over the main diagonal are equal to
(—isl, cee —%Sn_l), the elements on the main diagonal are equal to (—pg, ..., —pn—1), the
rest elements are equal to zero. B (’H”H, ’H”) S hjo is an operator matrix whose elements
with numbers j, j — 1 are equal to I, 7 = 2, ..., n, the element with number n, n + 1
is equal to %sn, the rest elements are equal to zero. B (7—[", 7-["“) S hop is an operator
matrix whose elements with numbers j — 1, j are equal to I, j = 2, ..., n, the element with
number n + 1, n is equal to %qn, the rest elements are equal to zero. B (7—["“) S hog is
an operator matrix whose last row is equal to (0, ..., 0, —il1, —py), last column is equal to
col (0, ...,0,il1, —pyn), the rest elements are equal to zero.
Also in this case we denote [

W(t, 1, m) = ”maﬁ”i,ﬁ:u (17)

where mq; is defined in the same way as mj; ([@). B (’H”H, ’H”) 3> mq9 is an operator matrix
whose element with number n, n + 1 is equal to —%én, the rest elements are equal to zero.
B (7—[", 7-["“) > Moy is an operator matrix whose element with number n + 1, n is equal to

—%q}z, the rest elements are equal to zero. B (”H"*l) 3 mogy = diag (0, ..., 0, pp).
Obviously for H (t,1) &), ([I6) and W (t,1,m) @), (I7) one has

H* (t,1) = H (t,17) ,W* (t,l, m) =W (t,l, m"). (18)
Lemma 1.1. Let the order of Sl is even. Then
SH (t,1) =W (t,1, =SS1) = W (¢, 1%, =S1) . (19)

Proof. Let us prove the first equality in (I9) for even r = 2n. Let us represent H (¢,1) ) in
the form

H(t,1) = A1)+ B(t1), (20)

2See the previous footnote



where A(t,l) = H(t,l) — B(t,l) and

2
B (t,l) = HBij%k:l, Bj, € B(H"), (21)
Bll = dlag (07 e 07 snpr_zl(Jn/4) ) Bl2 = dlag (07 e 07 _anpr_zl/Q) ’ (22)
By = diag (0, ..., 0, ip, 'q,/2) , Boy = diag (0, ..., 0, p,,') . (23)
In view of (I4), @I) - 23) one has
2
B(t,)C(t,1) = Hujk”j?k:17 ujp € B(H), (24)
Unan = —18p/2, Uz 2n = I, rest uj, = 0.
Hence
Cr (t7l) B (t7l) C(tvl) = ||Ujk||ir;.g:17 Vjk €B (H)7
Up 2n = _% (8n — @5), V2n 20 = D}, TESE vjk = 0.

Hence C* (t,1) SH (t,1) C (t,1) = C* (t,1) W (t,1,—1) C (t,1) in view of (&), @), (I0), Q)
and the divergent form of the expression —S3/ that follows from (@). The first equality in (I9)
for even r is proved. Its proof for odd r follows from (I6]), (7).

One can see from the proof that

W (t,1,30) = —SH (t,1). (25)

The second equality in (9] is a corollary of [25) and (I8]). Lemma [[Tlis proved O

For sufficiently smooth vector-function f (t) by corresponding capital letter we denote (if
f(t) has a subscript then we add the same subscript to F)

H' > F(t,l,m) =
s/2 )
SefV)|e0d... a0, r=2n, r=2n+1>1s<2n,
i=0
n—1 )
ofV )| eoe..00® (—ifM (1), r=2n+1>1,s=2n,
=4 \j=0 (26)
f (t) ) T - 17
n—1 . n .
(Z @fV) (t)) ® (Z @ fr] (t\l)> : r=s=2n
j=0 j=1
From now on in equation ()
ptt) e BMH) (r=2n); (gui1 (t) +spnp1 (1) "€ B(H) (r=2n+1).
Theorem 1.1. FEquation {) is equivalent to the following first order system
i L . .
QWD +SWF ) +HBF=W O F(®) (27)

with coefficients Q (t) = Q (t,1), S(t)
W (t) =W (t, I*, m), and with F (t) =

= S(t,0) @, @), H(t) = H(t,1) @), 0, weight
F (t, I*,m) that are obtained from @), (IT) and (26])
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correspondingly with I* instead of l. Namely if y (t) is a solution of equation () then

?j(t) = g(tv [, m, f) -

S ey @) ) e (3@ ) - 159 @) | r=2n
§=0 j=1
nf oy (t) | ® i ® (Y=l @t) — fEl @t m)) | © (—iy™ (1), r=2n+1>1
§=0 j=1

(here fI¥ (t|m)=0as k < 3)

y(t), r=1
(28)

is a solution of (Z0) with the coefficients, weight and F (t) menfioned above. Any solution
of equation [27)) with such coefficients, weight and F (t) is equal to [28]), where y (t) is some
solution of equation ().

Let us notice that different vector-functions f(t) can generate different right-hand-sides of
equation (27) but unique right-hand-side of equation ().

Proof. We need the following three lemmas.

Lemma 1.2. Let L, be a differential expression of | type and of order o.. Let us add to Lthe
expressions of i*ly, type, where k = ao+ 1, ..., 8, with coefficiens equal to zero. We obtain
the expressions Lg which formally has the order 8, but in fact Lg and L, coincide. Then for
sufficiently smooth vector-function f (t)

4 f[a_]](t|La)7 j:07"'7 a——‘rl )
JiE ﬂ(tyLB):{O j:[U‘TH}_F[lz ] [g]

(here fION(t|Ly) is defined by [{I3) with r = 1).

Proof. Proof of Lemma [[.2] follows from formulae ([I2]) — ([I3]) for quasi-derivatives. O

Lemma 1.3. Let f (t) € C* ([o, 8] , H) , y (t) is a solution of corresponding equation ). Then
the sequence fi (t) € C* ([, 8], H) and solutions yi (t) of equation {l) with f(t) = fi (t)
exist such that

C*([a, B, H C"([e, 8], H
Fo (1) B0y ) M g

This is trivial consequence of Weierstrass theorem for vector-functions [36] and formula

(1.21) from [11].



Lemma 1.4. Let vector-function f (t) € C* (i, H) Then
W(t, I*, m)F (t,*,m) =

s/2—1 ) ‘ ,
( S @ (70791 (tlm) + (£ (¢ m) )) ®
7=0

ef A (tim)®0d...®0, r=2n+1,r=2n,0<s<2n
s/2—1 ) ) ,
< S @ (f[s—]] (t|m) + (f[s—J—l} (t |m)) )) oy
§=0
= BO®...+d0& (—ifP (t|m)), r=2n+1,s=2n>0
o) f(H)@0&... 80, s=0

[ (8/52‘1 & (9t m) + (flmU (¢ lm>)/>> v
j=0

@0@...@0] +H@)(0a... a0 P (tm)), r=s=2n

(29)

Let us notice that W (t,1*, m)F(t,l*, m) does not change if the null-components in F'(¢,1*, m)
we change by any H-valued vector-functions.

Proof. Let us prove Lemma [[L4] for » = s = 2n. It is sufficient to verify that

(Ilmas (012 oy ) col {F (1), S (8), ooy SO0 (), FE0 (1), f) (1)} =

n—1 ’
= C*(t,1%) { [(Z =il |m) + (f[’“‘j—” (t |m)) >) S0 ...@0} +

=0
+H (t]1) (0 P0®..a00 fi (tym))}. (30)
But in view of (@), (I2), (I3]) the left side of equality (B0) is equal to

n—1 ’
(Z @ (f["—ﬂ (t ym)) + (f["—j—ﬂ (t \m)) ) 20®..00a f!l (t|m).
=0

And hence equality (B0 is true since C (¢,1*) [...] = [...] and the last column of C* (¢,1*) H (t,1)
is equal to col (0, ..., 0, I1) in view of (&), (I4).
The proof for r = 2n+ 1, s = 2n is carried out via direct calculation using (7)), (I2), (I3).
The proof for s < 2n follows from the case s = 2n consicered above, Lemmas [I.2] and
fact that elements uj, € B (H) of matrix W (t,1*,m) are equal to zero if s < 2n and i > s/2
or j > s/2. Lemma [[4] is proved. O

Let us return to the proof of Theorem [Tl Let y (t) is a solution of equation (). Then

Q7L m0) +S @O (t.1m,0)} —H (1) (t,1,m,0) =

2
— diag (ym (t]1),0, ... ,0) (31)

in view of formulae that are analogues to formulae (4.10), (4.11), (4.24), (4.25) from [26].
Using ([B31]) and Lemma [[4] we show via direct calculations that ¢ (¢,1,m, f) [28]) is a solution
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of 1) for r =s=2n, r=2n+1, s =2n. Therefore in view of Lemmas [[.2 3 7 (¢,1,m, f)
is a solution of ([21) for s < 2n.

Conversely let § () = col (y1,...,y,) is a solution of [27). Let y (t) is a solution of Cauchy
problem that is obtained by adding the initial condition ¥ (0,l,m, f) = 5 (0) to equation
@). Then 7 (t) = g (t,l,m, f) in view of existence and uniqueness theorem. Theorem [[T] is
proved O

Let us notice that Theorem [[T] remains valid if null-components of F'(¢,1*,m) we change
by any H-valued vector-functions.
R . .
For differential expression L = Y i* Ly, where Lo; = DI P; (t) D7,
k=0
Layj_1 = $DI"1{DQ; (t) + S; (t) D} DI~1, we denote by

Lifol= [ LAsayar (32)
the bilinear form which corresponds to Dirichlet integral for this expression. Here
[R/2] ' '
L{figt =3 (B9 @), g9 1)+
j=0

(2
+3 2 (S5O0, 650 0) - (@01 0,97 0) 33)
=1

Theorem 1.2 (On the relationships between bilinear forms). Let f (t), y (t), fr (t), yr () (k= 1,2)
be sufficiently smooth vector-function. Starting from these functions by the formulae (2d), (28)

we construct F(t,1,m), Fy(t,l,m), y(t,l,m, f), yp(t,l,m, fr). Then:

1.

(W (t, l, m) F1 (t, l,m) s F2 (t,l,m)) = m{fl, fQ} . (34)
2. a) If the order of 3l is even, then

(W (t, 1, =SSO g (t,L,m, f), y(t, I, m, f)) —SS(W (¢, I",m*)y (¢, [,m, f)), F(t,1*,m)=
= —(SD{y,y} =S (m {y, f}). (35)
b)
mA{y1, fo} —m{fi,y2} =
= (W (t7lvm) gl (t7lamaf1) 7F2 (t7lam)) - (W (t7l*7m) Fl (ta l*vm) 7g2 (t7l*7m*7f2))7 (36)

although for r = s the corresponding terms in the right-and left-hand side of ([BBl) and (36l
do not coincide.

Proof. 1. follows from @), (I7), @6), B3]).

2. Let r = s = 2n. For convenience when using notations of (28] type we omit the argument
m. For example by F (t,1*) we denote F (t,1*,m).
a) We denote

F (t,m) = col {O, 0, U imy L P (@ \m)} eH". (37)



One has
(W, 1, =SSO g (¢, Lm, [, 5 (t,1,m, f)) = (W (4,1, =SDY (£,1), Y (£,1) -
- WL =SOY (t,1), F (t,m)) — (W (t,1, =SI) F (t,m), Y (t,1)) +
+ W (&1, =S F(t,m), F(t,m)) == (S0) ly,y] +
2R (" (S0, £ (tm) ) + S (pr £ (em) 1 (tlm) ) - (38)
Here the last equality follows from (I8)), (34]), (29), (8). On the other hand we have
SW (I, m")y(t,l,m, ), F(t1") =W (@E",m")Y (¢,17),F(t,1")+
+SW (5, m?) (Y (1) =Y (4,17) = F(t,m)), F (4,17) = S (m” {y, f}) +
+ 20 (" (10, £ (tm) ) + S (p £ (tm) £ (tlm) ) - (39)
Here the last equality is proved similarly to (B8] taking into account that yl™ (¢[1)—y[™ (¢]I*) =

2iy" (¢|31). Comparing (B5), BI) we obtain (33).
b) In view of (28], (34]), (I]) and Lemma .4 we have

(W (t,L,m) 4 (t,1,m, f1), F2 (t,1)) = m{ys (t,1,m, f1), f2} —
- (]—"1 (t,m), H (t,1* )coz{ 0, £l (t\m*)}) -

—m{ys, fo} = (A (tlm) A @ lm) ). (40)
Similarly

(W (0 m) Fy (4,1, 52 (60 m", f2)) = mAfume} = (o A7 ) 7 (1)) (41)

Comparing ([@Q), (@) we obtain (3a]).
Forr=2n+1,s=2norr=2n+1V 2n, s < 2n, the corresponding terms in (B5), (30

coincide in view of (@), (I7), 24), 28)), (34)). For example in these cases
(Wt 1, =SSO g (8 1Lm, [, 5 (& Lm, £)) = (W (41, =S10D) Y (4,1), Y (4,1) = = (S) {y, v}
Theorem [[.2] is proved. O

Let us notice that Theorem remains valid if null-components in F(t,l,m), F(t,1*,m),
Fy(t,1*,m) we change by any H-valued vector-functions.

Theorem 1.3 (The Green formula). Let 1, my (k= 1,2) are differential expressions of
@), m type correspondingly. The orders of 1y are equal to r, the orders my are different in
general, even and are equal to s < r. Let yi (t) € C" ([a, B], H), fr (t) € C°* ([ev, B], H),
and g [yx] = my [fx], k=1, 2. Then

B8 B B8
/ml{fl,w}dt—/ mZ{yl,fz}dt—/ (11— 13) {y1, 0} dt =

B

= <% (Q(t, 1) + Q" (t,12)) 41 (t, Iy, my, f1), 72 (¢, 12, mz;fz)) , (42)

where Q(t,1x), yi(t, 1, my, fr) correspond to equations 1y [y] = my [f] by formulae (@), ([IH),
@8) with 1y, mg, yk, fr instead of l,m,y, f correspondingly.

Proof. We need the following
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Lemma 1.5. For sufficiently smooth vector-function g1 (t), go (t) one has
((H (t,l1) — H (t,13)) g1 (¢, 11,m1,0) , G2 (t,12,m2,0)) =
_ _(11 _15) {91792}7 r=2n
- * 1 2% (43)
- (11 - 12) {91792} + (l2n+1 - l2n+1) {91792} , = 2n + 17
where 15, .| are the analogs of lop+1.
Proof. Let r = 2n. Then in view of (20)-24]), [28), ([I0), (IK) we have
((H (t,l1) — H (t,13)) g1 (¢,11,m1,0) , G2 (t,12,m2,0)) =
= (A1) — A 13)) g1 (8,11, m1,0), g2 (,12,mg,0)) +
+ <C* (t,12) B (t,11) C (t,11) col {91,9’1, B e gin)} :

col {gz,gé, e gén_l)vgé%_l)’ " gén)}) B

- <COl {917937 s 7g§2n_1)7 oo ,ng)} 70* (t7 11) B (t7 12) C (t7 12) col {927 gé) cee ’95”—1)7952”—1)’ oo
=—(h-L){f g}
The proof of [A3]) for = 2n + 1 follows directly from (8], (28). Lemma [[5lis proved. [

Now Green formula (42)) is obtained from the following Green formula for the equation (27))
that corresponds to equations l [y] = mg [f]

B8
/ (W (#,15m0) Fy (15, m1) + s (£ 1a ma, fo)) di—

B
- / (W (t7l§7m§) gl (t7117m17 fl) 7F2 (tal§7m2)) dt+

B
+ [ ((H (1) = H(t,15) 51 (11, m1, f1), 90 (t, 12, ma fo)) dt—

B

= <% (Q (1) + Q" (t,12)) y1 (¢, 11, my, f1), %2 (¢, 12, m2, f2)> (44)

(0%
Let r = s, = 2n. For convenience by Fj, (t,1;) , Y (¢, 1) we denote Fj, (¢,1;,my) , Y3 (¢, 1y, my)
correspondingly. Then in view of (), 28], 29), 4), (43) one has:

(W (t,11,my) Fy (t,17) , 92 (t,12,ma, f2)) = my { f1,92} +

+ (H (1) ol {0, o 0, £ () | ot {0, 0,87 () =87 (1) = A7) (¢ ma) } )
(45)

(W (t,15, m3) 91 (t,11,my, f1), 2 (t,13)) = m3 {y1, fo} +

+ (H (t,15) col {0, ...,O,ygn] (ty) — ygn} (t)15) — 1[n] (t \ml)} , col {0, ., 0, fQM (t ]mg)}> :
(46)
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(H (t,1) — H (t,13)) 1 (¢, 11, mu, f1), 92 (¢, 12,mo, f2)) = — (1 — 15) {y1, y2} —
—((H (1) — H(,13) Y1 (t, 1), F2 (t,me)) — ((H (¢, 1) — H (t,15)) F1 (t,m1), Yz (¢,12)) +
+ <(H(t,11)—H(t,l’g‘))col{o,...,o,fln} (t|m1)},col{ 0, £ (t|m2)}>. (47)

where Fi(t, my) are the analogs of (31).
Let us denote by p] , q] , s] the coefficients of 1;. Then in view of (8]

(H (t,11) col {O, ..., 0, fln} (t ]ml)} , col {O ,0, y2 (t o) — [n] (t \1*)})
= (o0 A o) 9 (t12) = 87 1)), (48)

and
(coz{o L0,y (¢ 1) — M(t\l;)} H(t, lg)col{ .0, fr (t\mg)}):
= (" ) =" ), )T A (time) ) . (49)
On the another hand in view of (8), (IZ) we have
— ((H (t,11) —H(t 1;>>Y1 (1), o (t,m2)) =
= = (i) ah/2 = 2 82 /2) "+ ()T = 2T ol ) A (tma) ) =
= ()7 (o ) = (21)) A (¢ Ima) ) s (50)

where the last equality is a corollary of (I2]) and its following modification:

) ) = = S ey
Analogously it can be proved that
(H (1) — H (t,13)) F1 (t,m1), Y2 (t,12)) =
= (A m), )7 (8 () b (1D) ) (1)

Comparing {A4)—(GI) we get (@2) since the last [ f in the left-hand-side of (@4 is equal to
zero if r = 2n in view of ().

For s < r = 2n the proof of ([42) easy follows from (20, @8), (34), @3)), (4) in view of
footnote [II

Now let 7 = 2n+1. Then the last fﬁ in the left-hand-side of (44)) is equal to fﬁ (1 — 135 01) {y1, v} dt.
Hence the proof of ([42) for s < 2n < r = 2n+ 1 follows from (I7), 26), 28), B4), [@3)), @4).
Theorem is proved.

O

Remark 1.1. In view of Lemmas[I.2, all results of this item are valid if the condition of
parity of s is changed by the condition s < 2 [%]

2. CHARACTERISTIC OPERATOR

We consider an operator differential equation in separable Hilbert space H:

(@) +@ 0 ) - Btz () =W F (1), te (52)
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where Q (t), [RQ (1)]™", Hy(t) € B(H1),Q(t) € C* (Z, B (H1)); the operator function
H) (t) is continuous in ¢t and is Nevanlinna’s in A. Namely the following condition holds:

(A) The set A DO C\ R! exists, any its point have a neighbourhood independent of ¢ € Z,
in this neighbourhood H) (t) is analytic V¢t € Z; VA € AH, (t) = Hi(t)eC (Z, B (H1)); the
weight Wy (t) = SHy (t) /SA > 0(SA #0).

In view of [22] Vu € ANR!: W, (t) = 0H, () /OAl\—,, is Bochner locally integrable in the
uniform operator topology.

For convenience we suppose that 0 € Z and we denote RQ (0) = G.

Let X, (t) be the operator solution of homogeneous equation (B2]) satisfying the initial
condition X (0) = I, where I is an identity operator in H;. Since H)(t) = H;(t) then

XIORQM)]XA(t) =G, A€ A (53)

For any «, 8 € Z, a < 3 we denote A (o, 8) = faﬁ X3 (t) W (t) X (t) dt,
N ={h € H;|h € KerAy (a, ) Va, B}, P is the ortho-projection onto N+. N is independent
of A € A [22].

For z (t) € Hy or z(t) € B(H1) we denote U [z (t)] = ([RQ (¢)]z (t),x (t)) or U [z (t)] =
z* (t) [RQ ()] x () respectively.

As in [21], 22] we introduce the following

Definition 2.1. An analytic operator-function M (A) = M* (X\) € B(H;) of non-real X is
called a characteristic operator of equation (52]) on Z, if for S\ # 0 and for any H; - valued
vector-function F'(t) € LIZ/VA (Z) with compact support the corresponding solution x) (t) of
equation (52) of the form

o (5 F) = RAF = /I X, (1) {M () — %sgn (s—1) (z‘G)_l} X2 ()W (s)F (s)ds  (54)

satisfies the condition

(3X) lim_ (U [ox (8. F)] = Ulaa (0, F))) 0 (SA#£0). (55)
(.B1Z

Let us note that in [22] characteristic operator was defined if Q(t) = Q*(t). Our case is
equivalent to this one since equation (52)) coincides with equation of (52)) type with RQ(¢t)
instead of Q(t) and with H)(t) — 13Q’(¢) instead of H(t).

The properties of characteristic operator and sufficient conditions of the characteristic op-
erators existence are obtained in [21], 22].

In the case dimH; < oo, Q(t) = J = J* = J !, —00 < a = c the description of charac-
teristic operators was obtained in [3I] (the results of [3I] were specified and supplemented in
[23]). In the case dimH; = oo and 7 is finite the description of characteristic operators was
obtained in [22]. These descriptions are obtained under the condition that

N € A, [o,5] C T: A)\O(Oé,ﬁ) > 0. (56)

Definition 2.2. [21] 22] Let M (X) be the characteristic operator of equation (52)) on Z. We

say that the corresponding condition (B5]) is separated for nonreal A = pg if for any H;-

valued vector function f(t) € L%/VH ® (Z) with compact support the following inequalities
0

holds simultaneously for the solution x,, (t) ([B4) of equation (B2):
lin S0l [y ()] 20, L Spol [y, (B)] < 0. (57)
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Theorem 2.1. [21] 22] (see also [34]) Let P = I, M (\) be the characteristic operator of
equation ([53), P(A) = iM(A\)G + 11, so that we have the following representation

M(\) = (7? (\) — %[) (et (58)

Then the condition (53) corresponding to M (\) is separated for X = ug if and only if the
operator P (o) is the projection, i.e.

P (10) = P* (ko) - (59)

Definition 2.3. [21I] 22] If the operator-function M (A) of the form (B8] is the character-
istic operator of equation (52) on Z and, moreover, P (\) = P?(\), then P () is called a
characteristic projection of equation (52]) on Z.

The properties of characteristic projections and sufficient conditions for their existence are
obtained in [22]. Also [22] contains the description of characteristic projections and abstract
an analogue of Theorem 2.1

The following statement gives necessary and sufficient conditions for existence of character-
istic operator, which corresponds to such separated boundary conditions that corresponding
boundary condition in regular point is self-adjoint. This statement follows from Theorem 2.1

Let us denote H (H_) the invariant subspace of operator GG, which corresponds to positive
(negative) part of o(QG).

Theorem 2.2. Let —co < a. If P =1 then for existence of characteristic operator M(\) of
equation ([B2) on (a,b) such that

Juo € C\R' : Ulzy,(a, F)] = Uz (a, F)] =0 (60)
(and therefore condition (BB) is separated on A = pg, X\ = fig) it is necessary that
dimH = dimH _ (61)

(in ([©Q) xx(t, F) is a solution (B4]) of (B2)) which corresponds to characteristic operator M(\),
Lfvuo(t) (a,b) > F = F(t) is any Hi-valued vector-function with compact support). If condi-
tion (BBl holds then condition (&) is also sufficient for the existence of such characteristic
operator.

Proof. Necessity. Since P = I we obtain
UlXpo(a)(I = P(po))] = U[Xpo (a)(I = P(f0))] = 0 (62)

in view of the proof of n°2° of Theorem 1.1 from [22].
Let for definiteness S > 0. Then in view of Theorem 2.4 and formula (1.69) from [22],
(9), ([62) and the fact that

IANXE(@)RQ(a)Xr(a) — G) <0, A€ A (63)

we conclude that X, (a)(I—P(uo))H1 and X, (a) (I —P(fio))H1 are correspondingly maximal
RQ(a)-nonnegative and maximal RQ)(a)-nonpositive subspaces which are RQ(a)-neutral and
which are RQ(a)-orthogonal in view of Remark 3.2 from [22], Theorem 21l and (G3]). Hence

(X0 (a)(I = Ppao))H1)™M = X (a)(I — P(fio)) Ha

in view of [3} p.73] (here by [ L] we denote R(Q)(a)-orthogonal complement). Therefore X, (a)(I/—
P(p0))H1 is hypermaximal RQ(a)-neutral subspace in view of [3], p.43]. Thus we obtain that
in view of [3, p.42] that dimHy(a) = dimH_(a), where H4 (a) are analogs of H for RQ(a).
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In view of @3) X, '(a)H(a) and X ;Ol(a)”H_(a) are correspondingly maximal uniformly G-
positive and maximal uniformly G-negative subspaces. Therefore H; is equal to the direct
and G-orthogonal sum of these subspaces in view of (53) and [3| p.75]. Hence we obtain (GI))
in view of the law of inertia [3, p.54].

Sufficiency follows from Theorem 4.4. from [22]. Theorem is proved. O

It is obvious that in Theorem the point a can be replaced by the point b if b < oo, but
cannot be replaced by the point b if b = co as the example of operator id/dt on the semi-axis
shows. Also this example shows that condition (60 is not necessary for the fulfilment of the
condition Ulxz,,(a, F')] = 0 only.

In the case of self-adjoint boundary conditions the analogue of Theorem for regular
differential operators in space of vector-functions was proved in [32] (see also [34]). For finite
canonical systems depending on spectral parameter in a linear manner such analogue was
proved in [29]. These analogs were obtained in a different way comparing with Theorem

Let Hy = H*, Q(t) = J/i @), a = c and condition (G6) hold. Let condition (55) be
separated and P(\) be a corresponding characteristic projection. In view of [22 p. 469]
the Nevanlinna pair {—a (\), b(N)}, a,b € B(H") (see for example [13]) and Weyl function
m (A) € B (H™) of equation (B2]) on (¢, b) [22] exist such that

I, _ _

P = (0 )00 - Om) T @0 (), 6
r-rm-( &)))( )= m ) e (= (), T, (63
(0" (3) —a" (A) m (

Conversely P (M) (64)) is a characteristic projection for any Nevanlinna pair (—a (A), b(\))
and any Weyl function m () of equation (52)) on (c,b).

Let domain D C Cy be such that YA € D : 0 € p(a(N\) —ib(X)) (for example D = Cy if
dAs € Cy such that a* (ML) b(Ax) = b* (Ax)a(A1)). Let domain D; be symmetric to D with
respect to real axis. Then in view of ([64]), (65) and Corrolary 3.1 from [22] operator RyF
(4) for A € D|J Dy can be represented in the following form with using the operator solulion
Ux(t) € B (H"™, H*™) of equation (E2), (F = 0) satisfying accumulative (or dissipative) initial
condition and operator solution V) (t) € B (7—[", 7-[2”) of Weyl type of the same equation.

)7 ) —m () a(W) e BHY.

Remark 2.1. Let A € D|JDy. Then

t b
RaF = [ VAOU () Ws () F(s)ds [ UL V5 ()W (5) F (3) .

KO =a"(N)a() +b6"(N)b(\), KL (\) € B(H"), (67)

Map (N) =mi, (A) = K1) (a* (X) + 0 (A)m (V) (b* (A) —a* (A)m (V)™ (68)
Va () h € Ly, () (¢,0) Vh € H". (69)
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Moreover if I\g € C\ R such that a (Xg) = a (M), b(Ao) = b(Ao) then we can set D = C,
and
C\}"’n’a,b ()‘)

/v; OWx () V () dt < >N g\ 2 ).
T A

For the construction of solutions of Weyl type and descriptions of Weyl function in various
situation see [1} 22] and references in [IJ.

Let us consider operator differential expression I of (@) type with coefficients p; = p; (¢, \),
q; = q; (t,\), s; = sj(t,\) and of order r. Let —I) depends on A in Nevanlinna manner.
Namely, from now on the following condition holds:

(B) The set B2 C\ R exists, any its points have a neighbourhood independent on t € Z,
in this neighbourhood coefficients p; = p; (t,A), ¢; = q; (t,\), s = s; (t,\) of the expression

I, are analytic Vt € Z; VA € B, p; (t,\), qj (t,\), s; (t,\) € CV (f, B (’H)) and
Put (t,A) € B(H) (r=2n), (gns1 (£ N) + snp1 (EN) ' € B(H) (r=2n+1), t€I; (70)

these coeflicients satisfy the following conditions

P (LX) =pi (6,A), ¢ (t,N) =55 (LX), AeB (71)
(@M <= =10 = H(t, 1)) = H(t,13),\ € B);
Vho,..., h[r+1] ceH:
2
/2] Z, (=]
3 ZO (pj (£, A) hj, hy) + 5 21 {(sj (t,\) by, hj—1) — (q; (£, A) hj_1,hj)}
J= J=
<
SA <0,

teZ, SA#£0. (72)

Therefore the order of expression Iy is even and therefore if » = 2n + 1 is odd, then
Gm+1, Sm+1 are independent on A and s,411 = ;-

Condition (72)) is equivalent to the condition: (1)) {f, f}/SA <0, t € Z, S\ # 0.

Hence W<t,l,\,—%> = % > 0,t eI, S\ # 0 due to Lemma [Tl and Theo-
rem and therefore H (t,1y) satisfy condition (A) with A = B. Therefore Vu € BN R!
W(t,lu,—%l“) _ 8Hé§1;,l,\)

i is Bochner locally integrable in uniform operator topology. Here

in view of [®), ([0 Yu € BOR! Elg—l: ief S‘EZ‘IZS) = %f ) where the coefficients %,
%f\’l“), w of expression 0l,,/0p are Bochner locally integrable in the uniform operator
topology.

Let us consider in H; = H" the equation
7 . / N o) . RSN
QT +Q LT ) ~HEWTO =W (th-53 ) FB).  (713)

This equation is an equation of (52) type due to (I8) and Lemma [[LI] Equation (H) is

equivalent to equation (73]) with F' (t) = F (t, l5, —%l*) due to Theorem [[.1]

)

Definition 2.4. Every characteristic operator of equation (73]) corresponding to the equation
(@) is said to be a characteristic operator of equation (&) on Z.
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Let m be the same as in n°l differential expression of even order s < r with operator
coefficients p; (t) = pj (t), ¢; (t), 8; (t) = q; (t) that are independent on A. Let
s/2

s/2
Vho, ..., h[r+1] eH: 0L Z (pj (t) hj, hj) + %Z(QJ (t) hj—1, hj) <
=0 =1

2

Ir/2) 5]
S Z%@NtﬂhmM)+%II(GNLth%q)—MNLMhﬁb%ﬁ
j= j=

- SA ’

teZ, SAN#£0. (74)

Condition (74)) is equivalent to the condition: 0 < m{f, f} < —(SI\){f,f}/S\ t € T,
A # 0. Hence

Ry SH (t,1
0§W(t,l,\,m)§W<t,l>\,—\S)‘> SH(# 1)
due to Theorem and Lemma [I.1]
In view of Theorem [[T] equation (I]) is equivalent to the equation

(@ FH) +Q (1) ()~ H (1) F(0) =W (1.1, m) F (1. 1,m),  (76)

where Q (t,1)), H (t,1) are defined by (@), @), (1), (I8) with I instead of [ and W (¢, l5, m)
F (t,l5, m) are defined by (@), (I'7) 26) with I5 instead of I and ¥ (t) = ¢ (¢,1x, m, f) is defined
by ([28) with I, instead of I.

In some cases we will suppose additionally that
N €B; a,p €I, 0€ [a, ], the number § > 0:

Brs
- / < lAO) {y (t7 )\0) 'Y (t, )‘0)} dt > 0 |’P§(0=ZAoam=0)H2 (77)

Ao

for any solution y (t, A\g) of (@) as A = Ao, f = 0. In view of Theorem this condition is
equivalent to the fact that for the equation (Z3) with F (t) = 0
IN€eA=8B; a,8€Z, 0€ [a,p], the number § > 0:

(A, (0, B) g,9) > 8| Pgll*>, geH" (78)

Therefore in view of [24] the fulfillment of (77]) imply its fulfillment with ¢ (\) > 0 instead
of  for all A € B.

Lemma 2.1. Let M (\) be a characteristic operator of equation (B), for which condition (1)

holds with P = I,., if T is infinite. Let S\ # 0, H"-valued F (t) € L%/V(t,l;,m) (Z) (in particular

one can set F (t) = F (t,l5,m), where f (t) € C°(Z,H),m|f, f] < o0). Then the solution

1
o (6 F) = RAF = /IXA ) {M () — sgn (s — 1) (z‘G)_l} X: (5) W (5,15, m) F (s) ds
(79)
of equation (TQ) with F (t) instead F (t,l5, m), satisfies the following inequality

2
IRAFIIZ2 SSREP; @/ SAZO, (80)
w

s, \ @D ,
W(t,lk,fﬁ> tly,m

where X (t) is the operator solution of homogeneous equation (76l such that Xy (0) = I,
G =RQ (0,1); integral [[9) converges strongly if T is infinite.
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Proof. Let us denote
1
K (t,5,\) = X (t) {M (V) = 3sgn (s —1) (z’G)_l} X5 (s)
If (77) holds with P = I, if 7 is infinite, then in view of (7)) and [22], p.166] there exists a

locally bounded on s and on A constant k (s, \) such that
R K@V bly < kG (s1)

lx,m

Hence integral ([9) converges strongly if Z is in finite.
Let F (t) have compact support and suppF (t) C [«, 5].
Then in view of ([2])

’ S S (B (W (¢, 15, m) RyF, F) dt
/ <W <t7l)\7 \SZA>RAF7R)\F> dt—\gfa( (7)"m) AL ) _

) S\
1 (RQ (t,1y) RyF, RAF)|”
= — <
2 SA <0 (82)

07

where the last inequality is a corollary of n°2. Theorem 1.1 from [22], p.162] and the following

Lemma 2.2. Let F) is the set of H"-valued function from LI2/V(t,l;\,m) (o, ),

B8
Iy (0, B) F = / X2 ()W (t,15,m) F (f)dt, F(t) € Fy (83)

Then

B 1
I (a,B) F € {Ker/a X5 ()W (8,15, m) X5 (t) dt} C N+t (84)

Proof. Leth € Ker [ X% ()W (t,15,m) X5 (t) dt = W (t,15,m) X5 (t) h = 0= I (a, B) F Lh.
The second enclosure in ([84) is a corollary of condition (3]). Lemma 22 and inequality (82))
are proved. ]

Thus Lemma 21] is proved if Z is finite. Let us prove it for infinite Z. Let finite intervals
(n, Bn) T I, F, = xnF, where y, - is a characteristic function of (ay,3,). If (a,f) C
(atn, Bn) then
(t,l— m) (I)

X

1Pz
Rl (,) <

w (e 3R) S

in view of [82), (70). But local uniformly on t: (R)\F,) (t) — (RAF)(t), in view of (&I)).
Hence

HFHLiV( )@
IRAF| 2 ap) < A (85)
F (- 25) @7 R
for any finite (o, ). Hence (80 holds with Z instead of («, §). In view of last fact RyF, —
RAF in L12/V<tl glk) (Z). Hence ([BQ) is proved since it is proved for F,,. Lemma 21 is
O T TN

proved. ]
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Let us notice that in view of [22] PM (X\) P is a characteristic operator of equation (&), if
M () is its characteristic operator Ocharacteristic operators M (\) and PM (\) P are equal

. 2
in B <LW(t,l>\,m) (), LW(t,h,—%) (I)>
Let us notice what in view of (74]) [, can be a represented in form () where
I=Rliyny=1—1— m;Snp {f, f}/SA>0,t € Z, SA#£0O. (86)

From now on we suppose that [, has a representation ([2)), ([86) and therefore the order of
n) is even.

3. MAIN RESULTS

We consider pre-Hilbert spaces H and H of vector-functions y(t) € C§ (Z,H) and y (t) €
Cs (Z,H), mly(t), y(t)] < oo correspondingly with a scalar product

(f (&), g@)p =m[f (@), g )],
where m [f, g] is defined by (B2]) with expression m from condition (74]) instead of L. Namely

g = / m{f, g} d, (87)
5/2 . . s/2 . . . .
wherem {7, g} = 3 (5, () 1909 0)+4 3 (73 () (), 957D (0) = (@ (0 97010), a0

The null-elements of H are given by
Proposition 3.1. Let f (t) € H. Then
mlf,fl=0em(fl= )= .. = H=0 tel

Proof. Let us denote by m (t) € B (’H"H) the operator matrix corresponding to the quadratic
form in left side of ([74]). Since m (t) > 0 one has

m[f,f]:0<:>m(t)col{f(t),...,f(s/z),o,...,o}:O@f[s](t):...:f[s/z]:O
O

Ezample 3.1. Let dimH =1, s = 2, py () > 0, |G1 (t)|* = 451 (t) o (t). Then for expression
m the first inequality () holds and m {fo, fo} = 0 for fy(t) = exp (% fot (jl/jildt) # 0 in
view of Proposition B3]

By L2, (Z) and L2, (T) we denote the completions of spaces H and H in the norm lell,,

(e, @), correspondingly. By P we denote the orthoprojection in L2, (Z) onto L?n (7).

Theorem 3.1. Let M (\) be a characteristic operator of equation (Bl), for which the condition
([TT) with P = I, holds if T is infinite. Let S\ #0, f(t) € H and

col {yj (t, N\, [} =
/ X (1 { () = gaom (s =1 <z‘G>‘1}X§ ()W s, Iy, m) F (s, 15, m) ds, y; € M (88)

be a solution of equation (Ql), that corresponds to equation ([Il), where X (t) is the operator
solution of homogeneons equation (T6l) such that Xy (0) = I; G = RQ (0,1)) (if T is infinite
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integral (88]) converges strongly). Then the first component of vector function (88]) is a solution

of equation (). It defines densely defined in L2, (I) integro-differential operator

RN f=wntNf), feH (89)
which has the following properties after closing
10
R*(\) =R (5\) , SA#D (90)
2
R(\) is holomorphic on C\ R}
3

(1)
S(RA)f,f)re
1RO fl ) < — gA S gy p0, fe 2 (@)

(92)

Let us notice that the definition of the operator R (\) is correct. Indeed if f(t) € H,
m[f, f] =0, then R(\) f =0 since W (t,l5,m) F (t,l5,m) = 0 due to (34), ([T5).

Proof. In view of Lemma [21] integral (88]) converges strongly if Z is infinite. In view of
Theorem LT y; (¢, A, f) (B3) is a solution of equation ().
In view of ([74)), (35
S(RA) S, [)
IR (N) fllL2,(0,8) =

C\4
L2 ) S(R(N) f, f)L,Zn(a,B) _
= <[IR(N) fHLi?%\(aﬁ) - R B
Q(R/\F(t,l;\,m),F(t,,lxam)Liv( 1) @)
= ”R)\F (t7l5\7m)HL2 1 (v, 8) o R) -
Wty ,— A
(- 22)

Sx . (93)
In view of Lemma[2.]a nonnegative limit of the right-hand-side of ([03)) exists, when (o, 8) 1 Z
Hence ([@2)) is proved.

Let H"-valued F(t) € LZ,

(b1 m)(I). Then in view of (78), Lemma 21} ([IJ) one has
C\} (R)\F, F)L2 (I)
[RAFR < [RAFIP < — (99)
ATILY (@) = AT a @D I ’
W(t,lk,fé)
”RAFH%2 (Z) < IRAF|[ 2 s (D — [RAF | 12 a1\ (@) (95)
w ,;,M) W (5, — o W(t,l»—%)
In view of ([@4)), (@) we have
RAF <||IF 3, 96
||Ahamwm_unﬁﬂwwﬂ/|| (96
IRAF|| 2
w

< IF 2 /Iml- (97)
T L T
(t,l;\,m)( ) W(t,li,m)( )

Let F (t) € L%/V(t,l;\,m) (I), G(t) € L%V(t’l%m) (Z) are H"-valued functions with compact
support. We have

F. = (F,R5
(R vG)Lﬁv(t%m)(I) (FyR5, G) e

) (98)
W(t,l;\,m)( )
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since M () = M* (). Due to inequalities [@J), (I00) equality (@F) is valid for F (¢), G (t)
with non-compact support.
Now it follows from, B0, (I0I) that Vf (t),g(t) € H

m[R(\) f.g] = m[f. R (X) g] = (RAF (t,15,m) .G (t,15,m)) 2 -

(t,lA,m
- (F (tvljﬂm)?,R’;\G (tv l)\vm))L2 () = 0
W(t,l;\,m)
Thus the closure of the operator R ()\) f in L2, (Z) possesses property (@0).
Since in view of ([O2) for any f (t),g(t) € H

(R ()‘) f7 g)L%L(aﬁ) - (R ()‘) f7 g)L%L(I) as (Oé, 5) T z
uniformly in A from any compact set from C \ R!, we see that, in view of the analyticity of
the operator function M (A) and vector-function W (¢,l5,m) F (t,15) (see [29) with | = [)

the operator R () depends analytically on the non-real A in view of [I9] p. 195]. Theorem
[BIlis proved. O

For r = 1, ny[y] = Hx(t)y Theorem Bl is known [21].

Let us notice that if L2 (Z) = L2,(Z) then Theorem Bl is valid with f(t) € H instead of
f(t) € H and without condition (7)) with P = I, for infinite Z.

The following theorem establishes a relationship between the resolvents R(\) that are given
by Theorem Bl and the boundary value problems for equation (), ([2) with boundary con-
ditions depending on the spectral parameter. Similarly to the case ny[y] = 0 [24] we see
that the pair {y, f} satisfies the boundary conditions that contain both y derivatives and f
derivatives of corresponding orders at the ends of the interval.

Theorem 3.2. Let the interval T = (a,b) be finite and condition (T7) with P = I, holds.
Let the operator-functions My, Ny € B (H") depend analytically on the non-real X,

M [RQ (a, )] My = NS [RQ (b, 1)] Ny (SA#0), (99)
where @ (t,1y) is the coefficient of equation () corresponding by Theorem [ to equation

@,
[MR] + [INAR][ >0 (0#heH", IAF#0), (100)
the lineal {Mxh @ N\h|h € H"} C H? is a mazimal Q-nonnegative subspace if S\ # 0,
where Q = (Y\) diag (RQ (a,ly), —RQ (b,1))) (and therefore
SAWNX RQ (b, L)INY = MA[RQ (a, )] M) <0 (SA#0)). (101)

Then

1°. For any f(t) € H the boundary problem that is obtained by adding the boundary
conditions

Jh=h(\f)eH : Gla,ln,m, f) = Myh, §(b,1x,m,f)=Nsh (102)

to the equation (), where i (t,1x,m, f) is defined by 28)), has the unique solution R (X) f in
C"™(Z,H) as SA# 0. It is generated by the resolvent R (\) that is constructed, as in Theorem
[31, using the characteristic operator
1, _ _ _ 1,
M) =—5 (X; a) My + X7H (0N (X (@) My — XM (G) ™, (103)
where

(X5 (@) My = XE()NL) € B(HT)  (SA#0),
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X\(t) is an operator solution of the homogeneous equation (T6)) such that X (0) = I,.
2°. For any operator R(X\) from Theorem [31] vector-function R(N\)f (f € H) is a solution
of some boundary problem as in 1°.

Let us notice that if f (¢) g (t) then in boundary conditions ([I02)): ¥ (¢,1,m, f) = ¥ (t,1,m, g)
in view of (28) and Proposition 311

Proof. The proof of Theorem follows from Theorems [Tl Bl and from [22] Remark 1.1].
]

For the case n) [y] = 0, Theorem is known [22].
The example below show that the following is possible: for some resolvent R ()) from

H
Theorem B 3fp () # 0 such that m [fp] = 0 and therefore the "resolvent” equation (II) for
H
R (\) fo is homogeneous but R (\) fo#0, SA#0.

H
Ezample 3.2. Let m in () be such expression that equation m [f] = 0 has a solution fy (¢) #0.

Let in Theorem B2} M, = < Ion 8 > , Ny = < 8 I(;L ), R ()) is the corresponding resol-

vent. Then R(A)fy # 0,3\ # 0, while if M) = ( IO 8 >, Ny = ( 8 IO ) then for the

corresponding resolvent R (\) fo 20, S\ # 0 (and therefore in view of [16, p. 87] Foofo =0
for generalized spectral family E,,, which corresponds to R(\) by @)).

It is known [I6] p.86] that the operator-function R () (Q0)-([@2) can be represented in the
form

RO\ =T\ -N", (104)

ST (N) <0 (max), T'(A) =T*(\), AeCT,

the Cayley transform C), (T'()\)) defines a holomorphic function in A € C4 for some (and
hence for all) € C,. Applications of abstract relations of T'(\) type (Nevanlinna families)
to the theories of boundary relations and of generalized resolvents are proposed in [12, [13]

The description of T () corresponding to R (A) from Theorem [B]in regular case gives
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Corollary 3.1. Let Z be finite and condition (1) with P = I, holds. Let us consider the

relation T (N) = T" (X\) as S\ # 0, where

L7,(T)

0} a0y e cr @), F o f 1) e B0 - ) = ml,

N
—~
=
Il
—
=
<
—~
N’
5

7 (t,l —nx,m, f) satisfy boundary condition
Elh - h()‘af) € HT : g(a7l _n)\umaf) - M)\ha g(bul - nAumuf) :N)\hu
where operators My, Ny satisfy the conditions of Theorem [3.2,

- def _
y(t7l_n)\7m7f) é y(tal)\umaf)‘m:(]inh -

n—1 ] n , )
> ey (1) ) @ X @ (I ¢l —na) = fE9 2 m)) r=2n
j=0 j=1
n—1 . n . .
S eyl ()| @ <Z @ (Y= (t|1 —ny) — flsl (t\m))> & (—iy™ (1)), r=2n+1>1
B §=0 j=1
N (here s’ = order of expression | — ny,
YOt —ny) = =5 (@ (t, ) — @t N) y as s =1
yFl ()l —ny)=0as K < [%} , [ (tm)=0ask < %)
y(t), r=1
(105)
Then

1°. (T (A\) = A\) ™! is equal to resolvent R(\) &), ®9) from Theorem [31l corresponding to

characteristic operator M (X) ([I03)).
2. Let R(\) be resolvent [B8), &) from Theorem[BZd. Then R(\) = (T (\) — \) ™", where

T (X) is some relation as in item 1°.
Proof. The proof follows from (28]), Lemma [[.2], Theorem B.2] and Remark 1.1 from [22]. O

Let in (M), @) naly] = 0 le. Iy =1 — Am, where | = I*, m = m* and coefficients of

expressions m satisfy condition ([4]).
We consider in L2, (Z) the linear relation

L7,(2)

6=ﬁmmmmww::mmmw
)

¥ (t,l,m,g) is equal to zero in the edge of Z if this edge is finite and ¥ (¢,1,m, g)

Ln® )y () € C (Z,H),g(t) € H,1[y] =m]q],

is equal to zero in the some neighbourhood of the edge of Z if this edge is infinite } (106)

H where 7 (t,l,m,g) is defined by ([I08) with [y =1— Am, f =g.
Below we assume that relation £{, consists of the pairs of {y, g} type.
The relation £{, is symmetric due to the following Green formula with A\, = 0:

3Let us notice that vector-function g (¢) in (I0B) may be non-equal to zero in the finite edge or in the some
neighbourhood of infinite edge of Z.
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Let yx (t) € C" ([, 8], H), fr (t) € C°([a, 8], H), A € C, Uyx] — e [yx] = m[fi], k =
1,2. Then

B B _ B
/m{fl,yg}dt—/ m{yl,fg}dt—l-()\l—)\g)/ m{yl,yg}dt:

=i (RQ (t,1) 71 (t,1x,,m, f1), 52 (, Ing,m, f2))|2, (107)

where 7 (t, 1y, ,m, fi) for Ay € R! is defined by ([05) with Iy =1 — Am.

This formula is a corollary of Theorem [[3]if S\, # 0. For its proof for example in the case
A1 € R! we need to modify [@2) for equation I [y1] — (A1 + ic) m[y] = m[f1 — icy1] and then
to pass to limit in ([42]) as € — +0.

In general the relation £} is not closed. We denote Lo = Lj.

Theorem 3.3. Let Iy =1 — Am and the conditions of Theorem [Z1] hold. Then the operator
R (\) from Theorem [31] is the generalized resolvent of the relation Ly. Let T be finite and
additionally the condition ([0) hold. Then every such generalized resolvent can be constructed
as the operator R ().

Proof. In view of [16] and taking into account properties ([Q0)-([@2) of the operator R (1)) it is
sufficiently to prove that R (\) (Lo — ) C I, where I is a graph of the identical operator in
L2, (Z). But this proposition is proved similarly to [22, p. 453] taking into account (07 and

the fact that in view of (I08) (y — y;(t,l —Am,m,0) = 3(&1 —xm,m,g— \y) —y(t,l,m,g)

if {y, 9} € L4, 5= R(A)(g — \y).
Conversely let Z be finite, R) a generalized resolvent of relation L£y3. We denote Ny =
{y(t) e C"(Z,H), A€ B, l[y] — Am[y] = 0}. We need the following

Lemma 3.1. Let condition (TT) hold. Then the lineal Ny is closed in L2, (T).

Proof. The proof of Lemma 3.1 follows from (34]). O
Lemma 3.2. Let A € B. Then m = Ni-.

Proof. Let x (t) € Ny, f (t) € H, y(t) is a solution of the following Cauchy problem:

Uyl = dmlyl =m[f], §(a,lx,m, f)=0. (108)
Then
m[f,x] =i (RQ (b,12) § (b, 15, m, f),Z (b,1x,m,0)) (109)
in view of Green formula (I07]). Therefore R (£6 — 5\) C Ni.
L2.(T)

Let g (t) € N)\L. Then 3 H 3¢9, ™ g, gn = T ® fn, Tn € Ny, fn € N/\l = fn € H. Let
yn be a solution of problem (I08)) with f,, instead of f. In view of ([I09]) with f = f,,, one has:

_ 2 -
G (0,15, m, fn) = 0= fo € R(Ly—X). But £, 5" g, Therefore & (£ — X) 2 Ny Lemma

is proved. O
” _— ZL3.(T)
Lemma 3.3. Let the condition (T7) hold, \ € B. Let {y,f} eLy—N f="feH. Then

2 —
ng:(I)y eCr (I,H) and y (t) satisfies the equation ().
Proof. Let C" (i?-[) > yo be a solution of ([@). Let {p,®} € L5 — X. Then @ (a,ly, m,) =
G (b,l5,m,1p) = 0 in view of (I08), (I06). Hence m [p, f] = m [, yo] due to Green formula
@@). But m (g, f] = (¥, )12 ) in view of the definition of the adjoint relation. Hence
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2

(¥, 5 — o) L2:(Z) 0. Therefore § — yo Lm:(I)y — 1o € Ny in view of Lemmas [3.1] Hence

2 _
ng:(Z) yelr (I, H) and y is a solution of (Il). Lemma [B.3]is proved. O

We return to the proof of Theorem

Lz (1 -
Let f € H. Then in view of Lemma Ryf :( )y € C" (Z,H) and y satisfies equation

(). Therefore taking into account Theorem [Tl [IT], p.148] and (B3] we have

v =l {n- g0 ([

where [X) (t)]; € B(H",H) is the first row of operator solution X (¢) from Theorem B]
that is written in the matrix form, h = hy (f) € N+ is defined in the unique way in view of

(34) and condition (7T).

Let us prove that h depends on I f = f; X5 (s) W (s,l5,m) F' (s,l5,m) ds in unique way.
Operator (IA H — Nl) in view of Lemma 2 Moreover [\N+ = N1 i.e. Yhg € N*+3f, €
H : hg = I, fy. For example we can set

fo = folt,N) = [X5 ()], {A5 (D) [+ } " ho (111)
and to utilize the equality.
W (5,15, m) Fo (s, 15,m) = W (s, L3, m) X5 () (-}~ ho
If f(t),g(t) € H are such functions that I f = I,g, then in view of (II0])

b
sqn(s —t) X5 (s) W (s, 15, m) F' (5,15, m) d8> } , (110)

SA ((%Q (t7l)\)) A_?j (t7l)\7m7f - g) 7A—:>y(t7 l)\7m7f - g)) ‘B =

= SA(RQ (t,12) X (t) (ha (f) = ha (9)) . Xx (1) (ha (f) — ha (9))[5 . (112)

where Ay = Ry [f — g]. But in view of (I07)) the left hand side of (II2]) is nonpositive since
R has property of ([@2)) type. The right hand of (IIZ)) is nonnegative in view of ([#2)). Hence
hx (f) = hy (g) in view of [@2)), (T7). Thus h depends on I f in unique way and obviously in
the linear way. Therefore

h=M N L/, (113)
where M (\) : Nt — N* is a linear operator and so Ryf (f € H) can be represented in the

form (B9)).

Further, for definiteness, we will consider the most complicated case r = s = 2n.
Let us prove that M (\) € B(N+), SA#0. Let hg € N*, y = Ry fo, where fo = fo (t,\)
see ([II). Then in view of (II0) and Theorem [LI] we have

X () M (W) ho =¥ (6 1a,m) = Fo (tm) = 2 X0 (6) (1G) ™ (1 (a,8) = Iy (60) Fo, - (14)

where Y (t,1x,m), Fo = Fy(t,l5,m), Fo (t,m) are defined by (28], (37) correspondingly with
y and fp correspondingly instead of f, Iy (0,t) Fy is defined by (83]). Therefore

Ay (CL, b) M()\)h(] = I;\y — Ij\ (a, b) (f(] (t,m) + %X)\ (t) (iG)_l (I)\ (a,t) — 1, (t, b)) F0> ,
(115)
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where Iyy, I5 (a,b)(...) € N+ in view of (84)). But

1/2
Yo e W ()| < max 0 L { LI (@ tsmlldef 1R ol ol

in view of Cauchy inequality and (B34]). Therefore
3 constant ¢ (A) = |(Ixy,9)[ < ¢(M) llyll llgll (116)

since

IRl 2,2y < 185 (@, DI || (A5 a,) Ly ) ~|| noll /19

in view of @), ([I8) and inequality: | Rafoll 2 ) < Ifoll 2 (2 / ISA.

Obviously |(I5 (a,b)(...),q)| satisfies the estimate of type (IIG). Therefore M (\) €
B(N%).

Now we have to prove that M(\) is a characteristic operator o equation ([Z3)).

Let us prove that M () is strogly continuous for nonreal A\. To prove this fact it is enough
to verify it for Ay (a,b) M (\); while the last one obviously follows from strongly continuity
of vector-function I3 Ry fo(t, A).

In view of ([B4) we have Vg € H"

(IsBxfo (t.A) = LRy fo (t, 1) 9) = m [Rxfo (£, A), [Xa (D)1 9] —m [Ryfo (t, 1) [X, (1)), 9] -

Then the required statement can be derived from the equality

m{[Xx (t) = X, (D), 9, [X2 () = X ()], 9} =
= (W (@&, I,m) (X (8) = Xy (1) g + (A — p) F(t,m)) , (Xn (¢) — Xp (1)) g + (A — p) F(E,m))
where F(t,m) is defined by B7) with f () = [X, (t)]; 9, [ X) (t) — X, (1)]] M:))\ 0 uniformly

in t € [a,b]. and from the analogous equality for m{ fo(t,\) — fo(t, 1), fo(t, ) — fo(t, p)}

Let us prove that M () is analytic for nonreal A\. To prove this fact it is enough in
view of strongly continuity of M (\) to prove the analyticity in A of (I, M (\) I\ f, g), where
F(t)eCr(TH), ge M, (SN(SH) >0,

Iy, = /abX; ()W (t,1,,,m) Xy (t) dt € B (Ni),

I;“l € B(N1) if X — pf is sufficiently small. In view of ([[I5), (89), Theorem [T}, (34), [29),
[®) we have

b
(LM ) B.9) = m [Baf. [, 0),6] + =) [ ((Raf) efm), o (1)) de

+ terms independent on Ry f and analytic in A, (117)

n def o N— n
where g (t) < (pp — apn) ([Xu]lg)[ ] (t|m).
For scalar or vector-function F (\) let us denote

A F (\) = F(A+AA;€:))\—F()\) _F()\+AAm:))\_F()\)‘

Let us denote

Rn (V) = / b (B (BAS)™ (tim), ) at
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In view of ([I2)), (74]) we have
1/2

( / b<ﬁng<">,g<">>dt> (118)

Therefore R, (\) depends analytically on nonreal A\ in view of analyticity of Ry and so
analyticity of M () is proved in view of (IIT).

Let us consider the solution z) (t, F) = R F ([9) of equation (73]). Let us prove that
x (t, F') satisfies the condition (G5H)). Let us denote y (t, A, f) = Ryf. Then in view of Green

formula ([@2)

(NI

|AkmRn (V)| < (m [Apm RS, Aem B f])

Sm |y, 1 B . b
miy ]~ I L Q) gt m, ) G nom )| 52 (19)
But the left hand side of (II9]) is < 0 since Ry f is generalized resolvent. So
VieH: R(Q&L)T(Ebom, f), 7t 0L, m, ) /I <0. (120)

But for every H"-valued F' (t) € L%V(t,l;,m) (Z) there exists such vector-function f () € H

that z) (a, F) =y (a,lx,m, f), zx (b, F) = ¢ (b,lxm, f). So (G5 is proved in view of (I20).
To prove that M(A) is a characteristic operator of equation (73] it remains to show that

M) = M*(N). )
Let us consider the following operator M (\) € B (N*):
M) =M(O), M(X\)=M(\), SA>0

This operator is a characteristic operator of equation ([73)) in view of [22]. This characteristic
operator generate by Theorem [B.1] the operator R (\) (89).
But R(A) =Ry, SA>0= R(\) =R*(\) =R, =R;, SA> 0= = Vf € H:

=0

m

b
H[XA O, (M*(\) — M () / X5 () W (5,1, m) F (s, 1y, m) ds
=Vhe N*t: Ax(a,b) (M (X) = M*(N\)h=0= M (\) = M*()).
Theorem [3.3] is proved. u

Let Zy, k = 1,2 be finite intervals, Z; C Zy. Then, in spite of the fact that f (t) € C* (fg, 7—[)
but xz, f (t) ¢ C* (Z»,H), where xz, is the characteristic function of Z;, one has.

Corollary 3.2. Let 0 € Z; and the condition (7)) withZ = Ty holds. Let Ry be the generalized
resolvent of the relation Lo in L2, (T) with T = Ty. Then by Theorems [31], there exists
characteristic operator M (\) of equation (Bl) such that Ryf = yi (t, N, f) B]), t € T = Iy,
f € H(=H (Iy)). Let us define the operator yi (t,\,f) =R\f,t €I =T, f € H(= H (T1))
by the same formula [B8) as operator Ryf, but with T = I instead of T = Iy. Then this
operator is (after closing) the generalized resolvent of the relation Lo in L2, (I) with T = T;.

For generalized resolvents of differential operators a representation of (89]) type was ob-
tained in [37] for the scalar case and in [6] for the case of operator coefficients. For generalized
resolvents for (), &) with s = 0, n)[y] = 0 the representation of such a type was obtained in

7, 18, 20].

Therefore characteristic operator of equation (B) is an analogue of characteristic matrix

from [37].



27

The resolvents of self-adjoint scalar differential operator in [I7, p. 528], [30, p. 280] are
represented in another form. Let us transform (89]) to the form which is analogous to [I7, p.

528], [30, p. 280].

Remark 3.1. Let us represent characteristic operator M (X\) from Theorem [31] in the form
G8). Then R(N)f B9) can be represented in the form

s/2

7= [ Sn 0% (5 08) mls s

/ Z% . Z( P (5.0)) mi[f (5)] ds

where x; (t, )\) yj (t,\) € B(H) are operator solutzons of equation [d) as f = 0, such that
(x1 (t,A), ..o,z (8, )) is the first row [ X (t)]; of operator matriz Xy (t), (y1 (L, A), ..., yr (£, ) =

()P ) GG, el ()] = B (5) £ (5)4 (3 (5) FO4) (5) — i () £ (5) (d0=0, 4541 =0).
Proof. In view of Theorem [[2] one has

Vhe " : (X5 (t) W5 () F5 (t),h) =m{f(1),[X5 )], h} =
= (B @1 AR X 1) ol {mo [ O] ma [F (0. oman [F (10],0,...,0} )

Now Remark B follows from (88)-(89) since (P (\) — I,.) (iG) ™" = (P (N (Z'G)_l)* in view
of [22 p. 451].

RemarkB:[IShows that (P (\) — ) (iG) " is an analogue of the matrix that is transponent

to the matrix ||0;; (A )H from [I7, p. 528] and is an analogue of characteristic matrix from [30]
1

p. 280] (P () (iG)™ " is an analogue of matrix that is transponent to the matrix HH;; ()\)H

from [I7, p. 528]).
If r is even, condition (B3] is separated and a = ¢ then formula (89) can be transformed to

the form which is analogues to [30, p. 275-279)].

Remark 3.2. Let r = 2n, a = ¢ and condition (I8)) hold with P = I,.. Let for characteristic
operator M (X\) of equation ([B) condition (BBl) be separated. (Therefore M (\) can be rep-
resented in the form (B8) where characteristic projection P (\) has the representation (64,
[©65)), and equation (TQ)) corresponding to equation () (f =0) has a solutions Uy (t), V) (t)
(66))-([©68]) ). Let domains D, Dy are be the same as in Remark 2.1. Then for X € D|J D
RN f B9) can be represented in the form

/aZv] t)\ ((k)( 5\)>*mk[f(s)]ds+

s/2

b 7 .
s [ ey (o (50) el () ds. (2)
toj=1 k=0



28

where u; (t,\), v; (t,\) € B(H) are operator solutions of equation [Il) as f = 0, such that,
a (A
(w0 o ) = 0 00 (53)).

(01 (6 A) - om (1 N) = [Xa (1)), < _ba(?;) >K‘1(>\) T (6 A) st (6, A)) 1y (V)
(122)
K (X)), mgyp (X) see @0), @3); (vi (t,A),...,v (iA))h€L2( b) Vh € H™.
Moreover if INg € C\R! such that a (Ao ()\ ) (M) =0 ()\0) then we can set D = C4
and
S (ma

o (A) - A A2, < kIR (52

Proof. Proof of Remark follows from Remark [2.1] and Theorem O

Remark B2l shows that operator-function mg; (A) from (I21)), (I22)) is an analogue of char-
acteristic matrix from [30, p. 278] since for any self-adjoint operator initial condition (in
particular for initial condition of [30}, p. 277] type) the resolvent (I21]) exists such that solution-
row (uj (t,\),...,u, (t,\)) satisfies this condition. For example if a (\) = I,,, b(\) = b = b*
then my, 5 (A) is equal to characteristic matrix of [30), p. 276] type minus b(I,, + b?)~!

Let us note that the connection between generalized resolvents of minimal Operator corre-
sponding to self-adjoint extension in Krein space and boundary value problem with boundary
conditions depending on spectral parameter locally holomorphic in some set C C\ R! was
studied in [I5] for the scalar symmetric Sturm-Liouville operator on the semi-axis in limit
point case .
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