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EXPANSION IN EIGENFUNCTIONS OF RELATIONS GENERATED
BY PAIR OF OPERATOR DIFFERENTIAL EXPRESSIONS

VOLODYMYR KHRABUSTOVSKYI

Dedicated to blessed memory of Professor Alexander Povzner

ABSTRACT. For relations generated by a pair of operator symmetric differential ex-
pressions, a class of generalized resolvents is found. These resolvents are integro-
differential operators. The expansion in eigenfunctions of these relations is obtained.

1. The operator differential equation
(1) Iyl = Amlyl =m[f] t€Z, I=(a, b)CR
is considered on finite or infinite intervals in the space of vector-functions with values
in a separable Hilbert space H, where [[y] and m[y] are symmetric operator differen-
tial expressions of order r and s respectively, where » + s > 0, s is even. Expression
m[y] is non-negative and such that an operator first-order system obtained from the ho-
mogeneous equation (1) by using quasi-derivatives contains a spectral parameter A in
Nevanlinna’s manner.

In the paper, the equation (1) reduces in a special way to a symmetric first order system
containing the spectral parameter either in a linear way (r > s) or in a nonlinear way
(r <'s). Using this reduction and the characteristic operator of this system (see [19], [20])
we construct a class of the generalized resolvents of the minimal relation corresponding to
(1). These resolvents are integro-differential operators. From this the inversion formulas
and Parseval’s equality are obtained. For their proof we modify Strauss’s method [27]
concerning the case of the generalized resovents as s = 0 and m[y] = y which are integral
operators (but not integro-differential operators) depending on A in a more simple way
(see [1], [4], [5], [6], [16], [17], [18], [27]) comparing with the case s > 0.

The expansion formulas in the solutions of the homogeneous equation (1) were ob-
tained in various particular situations in a number of papers. For dim’H = 1 in the
regular case, r > s, and for special [ and m this was done in [7, 14]. For dimH < oo,
mly] = w(t)y, 0 < w(t) € B(H), the expansion formulas were obtained in [1] for r =1
and, for the general case, in [16]-[18] (see also [26] for the case » = 1). Then for
dimH < oo the existence of the expansion formulas was proved in [11] under the as-
sumption that the leading coefficient of the expression m[y] is nondegenerate, and the
minimal differential operator that corresponds to this expression is uniformly positive on
any finite interval (i.e. under these assumptions even the case m[y] = w(¢)y with degen-
erate weight w(t) is not covered). However in [11], as it was mentioned by the authors,
the Titchmarsh-Kodaira’s formula for an explicit calculation of the spectral matrix is not
obtained. Also [11] does not contain an explicit expression for the resolvent and the case
r = s is not considered.

Further in the paper, the boundary value problems for the equation (1) with boundary
conditions depending on the spectral parameter are considered. We show that for some
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boundary conditions, solutions of these problems are generated by a generalized resolvent
if, in contrast to the case s = 0, the boundary conditions contain the derivatives of vector-
function f(t) that are taken on the ends of interval.

In the general case where dim’H < oo we find the absolutely continuous part of the
spectral matrix on the axis when the coefficients of the equation (1) are periodic on the
semi-axes and also we find the spectral matrix on the semi-axis when the coefficients are
periodic. These formulas are obtained using the results that are obtained in [18], [19] for
s=0.

Notice that it is not supposed in the paper that for » > s the leading coefficient of the
expression mly] (which set the metric) has an inverse in B (H).

Many questions that concern differential operators and relations in the space of vector-
functions are considered in the monographs [1, 2, 3, 13, 23, 24, 25, 26] containing an
extensive literature. The method of studying these operators and relations based on a
use of the abstract Weyl function was proposed in [9].

We denote by (. ) and | - || the scalar product and the norm in various spaces with
special indexes if it is necessary.

Let an interval A C R, f(t) (t € A) be a function with values in some Banach space
B. The notation f(t) € C'(A), | = 0,1, ... (we omit the index [ if [ = 0) means
that, in any point of A, f(¢) has a norm || - || 5 continuous derivatives of order up to and
including ! that are taken in the norm || ||5; if A is either semi-open or closed interval
then on its ends belonging to A the one-side continuous derivatives exist. The notation
f(t) € Ch (A) means that f(t) € C' (A) and f(t) = 0 in the neighbourhoods of the ends
of A.

2. We consider an operator differential equation in a separable Hilbert space H1,

2) = (@) + @ (' (1) ~ Ha(halt) = Wa)F(1), teT,

where Q(t), [RQ(t)]™", Ha(t) € B(H1), Q(t) € C! (Z); the operator function Hy(t) =
H ;(t) is continuous in ¢ and is Nevanlinna’s in A\. Namely, the following condition holds:

The set A O C\R! exists, any of its points has a neighbourhood independent of ¢ € Z,
in this neighbourhood H)(t) is analytic Vt € Z; VA € A H\(t) € C (Z); the weight
Wi(t) = SHA(t)/SA >0 (SA#£0).

In view of [20] Y € A R: W, (t) = 0H,(t)/Op is Bochner locally integrable in the
uniform operator topology.

For convenience of statements we suppose that 0 € Z and we denote RQ (0) = G.

Let X (t) be the operator solution of the homogeneous equation (2) satisfying the
initial condition X (0) = I, where I is an identity operator in Hj.

For any «, 8 € I, a < 3 we denote

B8
Ax(a,B) = / X5(O)Wa(8) X (t)dt,

[e3

N={heHi|heKerAy(a, B)Va, B},

P is an orthogonal projection onto N+. N is independent of A € A [20].
For z(t) € H; or z(t) € B (H1) we denote

Ule(t)] = (RQ@)] x(t), 2(t))  or Ulz(t)] = z* () [RQ(H)] x(2),

respectively.
As in [20] we introduce the following.

Definition 1. An analytic operator-function M (X\) = M* (A) € B (H1) of non-real X is
called a characteristic operator (c.0.) of the equation (2) on Z (or, simply, c.o.), if for
S # 0 and for any H;-valued vector-function F(t) € L%VA (Z) with compact support the



EXPANSION IN EIGENFUNCTIONS OF RELATIONS 139

corresponding solution z(t) of the equation (3) of the form

T (t, F) :R)\F

(3) = /ka(t) {M()\) - %sgn(s—t) (z’G)‘l}X; (s) Wi (s) F (s)ds

satisfies the condition

(4) (9N Jim (U far (8, F)] = U for (0 ) S0 (SX#£0).

The properties of c.o. and sufficient condition (that are close to necessary condition)
of the c.0.’s existence are obtained in [19, 20].

We consider in the separable Hilbert space H the equation (1), where [[y] and m[y] are
symmetric differential expressions of orders r and s correspondingly (one of these orders
can be equal to zero), where s is even, with sufficiently smooth coefficients from B (H).

Namely, I[y] = >;_,i*li[y], where lo; = DIp;(t)D?, lyj—1 = +DI"Y{Dg;(t) +
GO)DYDIT pit) = pi(t), ¢;(t) € B(H), pj(t),q;(t) € C/(I), D = d/dt; m[y] is
defined in a similar way with s instead of r and p;(t) = p;(t), ¢;(t) € B (H) instead of
pj(t), ¢;(t).

We denote by p(t, ) the coefficient at the highest-order derivative in the homogeneous
equation (1), i.e.

pn(t), r=2n>s,
t) — Apn(t =s5=2
ey PO, ==
—Apn(t), s=2n>r,
iRgn41(t), r=2n+1>s.

It is supposed in the paper that for non-real A\, p~! (¢, \) € B (H) for any t € Z. We
note that in that case where r = s the leading coefficients of both expressions [y] and
m[y] may not have inverses in B (H) (in particular simultaneously) for any t € Z.

Denote p = max {r, s} and by y* (t|L) we denote the quasi-derivatives [21] of the
vector-function y(t) that corresponds to the differential expression L.

Using the substitution

z(t) =z (¢, N)

(Z52s ey ) @ Sy, @yl ¢, L= xm),
if p=2n is even,

=\ (Zi% a0 ) @ (Sio eyl ¢, - dm)) @ (—iy™ (1),
ifp=2n+1>1is odd,

y(@),  ifp=1,

for ¢ and A such that p=1 (¢, \) € B (H) the equation

(6) [yl - amly] =0, tel

is reduced to a homogenous equation of type (2) in H; = HP. Under this substitution
for odd p = r > s we formally consider that s = r — 1 and if it is necessary we set some
leading coeflicients in the expression m[y] to be equal to zero. Analogously for even p we
formally consider that r = s.

Then the quasi-derivatives in (5) are equal to

(7) y[j] (t‘lf)‘m) :y(j)(t)7 J=0,..., [p/?} -1,
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n 1 ~ n—1 _
(8) Y (|1 — Am) = p(t, Ay — L (gn — Agn)y"™Y, p=2n,
_% (@n+1 — AGnt1) y(n)’ p=2n+1,
yP=I (1= am) = =Dy (1 = Am) + (pj — Ap;) yP
{ * ~k 1 ~ j—
(9) +5 {(qﬂ»l = Ag511) YUY = (g5 = Ag) U
‘ -1 .
.7:07"'7|:pT:|7 QOEqOEO-

With this, {[y] — Am[y] =y (£l — dm).
In the homogeneous equation (2) obtained from equation (6) using substitution (5)
for even p = 2n,

. 0 il
(10) Q) =iJ = 2( —il, 0 )
Hx(t) = [[hap (t, M, 521+ hap € B(H"),

where I,, is an identity operator in B (H™), hi1 (t, A) = hi; (¢, A) is a three-diagonal
operator matrix whose elements under the main diagonal are equal to

i i
5 —Aq y o g \Un— A‘vnf )7
(2(611 q1) 2(@ 1AGn—1)
the elements on the main diagonal are equal to
(7(p07)‘ﬁ0)7“’7
_ 1, e - ~
— (P2 = Mpn2) 7 (@3 = A ™ (1 A) (G = Adin) = (a1 = A1),

the rest of the elements are equal to zero. hia (¢, \) = hi; (t, 5\) is the operator ma-
trix with identical operators I; under the diagonal, the elements on the diagonal are
equal to (0, .., 0, f% (@ — M) p~t (1, )\)), the rest of the elements are equal to zero.
hao (t, A) = diag (0, ..., 0, p~1 (¢, N)).

And for odd p=2n+1,

0 il, 0
—il, 0 0 , p>1,
Qt) =
11) 0 0 gn+1

( q1, p= ]-7

ha s (t, V)| . p>1,

H)\(t) — H ﬂ(N )”a,ﬂ:l p
Po — APo, p=1,

where B (H") 3 hq1(t, ) = hi; (¢, A) is a three-diagonal operator matrix whose ele-
ments under the diagonal are equal (% (1 —=2q1), -, % (Gn-1 — Agn—1)), the elements
on the diagonal are equal to (— (po — A\po), --- , — (Pn—1 — APn—1)), the rest of the el-
ements are equal to zero. B ('H”H, 'H") > hia (¢, A) = h¥, (t, 5\) is an operator ma-
trix whose elements with indices j, j — 1 are equal to I;, j = 2, ..., n, the element
with index n, n + 1 is equal %(q;“l — Ag;), the rest of the elements are equal to zero.
B (H"™1') 2 haa (t, A) = h3, (t, A) is an operator matrix whose last row is equal to
(0, ...,0, —il1, — (pn — ADn)), the rest of elements are equal to zero.

Therefore in the equation (2) with coefficients (10), (11), Hx(¢) depend on A in a
nonlinear manner for r < s, and in a linear manner for r > s,

(12) H\(t) = Ho(t) + AH(t), Hg(t) = Ho(t).
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Similarly to the general equation (2), for the equation (2) with coeflicients (10),(11),
the weight is

(13) 3%1(”, if SA=0, p l(t,\) € B(H).
Everywhere below, unless stated otherwise, we assume that in the equation (2) with
coefficients (10), (11), Wx(t) > 0 (SA # 0).
Moreover, tacitly we assume that the following condition holds:
INEC; a,B€L, 0€]a,f], thenumberd>0:
(14) p~L(t, o) € B(H), Vte]o ],
m [Xa, 59 (£ X0) » Xa, 5y (£, A0)] = 6| (0, Xo)||*.

For any solution y (¢, Ag) of the equation (6) as A = \g, where

m[f(t), g(t ka omu [f(8), g(t)] dt,
(15) me)O]@MWW%WW»_ |
ma;j—1[f(t), =5 {(G @)D, g9=1®) — (GO FI1 (@), g9 (1) },
Xo, 3 is a characterlstlc functlon of the interval (o, 3), (¢, A) is defined by (5).
For sufficiently smooth vector-function f(t) we denote

(T4 er9m)e0e...
@0, r=2n, r=2n+1>1, s<2n,
16) M s R0 = (Zj;[}@fU)(t))@Oea...@
@O@(*if(")(t)), r=2n+1>1, s=2n,
f(t)v r=1,
an analog of (5) for f(t), r <s.

SHy(1)/SA,  if SA£0,
Wi(t) =

Lemma 1. Let the vector-function f(t) € C* (), F5(t) be defined by (16) with X instead
of A, Wi(t) be defined by (13), (10), (11). Then

(37 @ (779 (thm) + (£ @m) ) ) @
fEAtmye0e...e0,
r=2n+1, r=2n, 0<s<2n,
(Ziso e (4179 (thm) + (£ ) ) )
(17) W(t)Fx(t)= BO@... 0 (—iffl(tjm)),
r=2n+1>1, s=2n,
Pot)fH) O ®...d0, s=0,
(Zpso @ (£179) (thm) + (6750 (thm) ) ) @ O 6.
@O0+ H\(t)(O® ... 0@ fIM (tjm)), r<s=2n,
for A\, t such that p~! (t, \) € B (H).

Proof. The proof for r > s follows from (7)—(11), (16).
Let r < s=2n. Let \s)\ # 0. Since

(18) WA Fx = 5 (\)\ ((HX(®)Fx(t) — Hx (1) Fx) + Hx(t) (Fx(t) — Fx(1)))
using (7)—(10) and the fact that

(19) HA(t)Fx(t) = iJ (Fa(t)) — col{fisl (tll—xm), 0, ..., o},

we obtain (17) since S\ # 0.
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For Ao € R, t € Z which imply that p~! (¢, \g) € B (H), formula (17) is proved by
passing to the limit for A — A\g 4+ i0. The lemma is proved. ]

As is seen from the proof, Lemma 1 remains true without assuming that Wy (t) >
0(SA #0) and (14).
Denote

s, r <s.

s/2, r>s,
-

Lemma 2. Let the vector-functions f(t), g(t) € C? (I), Wi(t) be defined by (13), (10),
(11). Then

(20) ka [£(8), 9(O)] = WA FA(E), GA(E))yer
k=0

for X, t such that p~1 (t, \) € B(H) (Fx(t) is defined by (16), G\(t) is defined in a
similar way using g(t) ) and, therefore,

(21) m [Xa,8f (), Xa,89(1)] = (FA(t), GA(D)13, (a,5)

for A, t such that p~t(t,\) € B(H) Vt € [a, 8] C Z.

Proof. For r > s, (20) follows from (7)-(11), (16). For r <'s, (20) can be proved using
(5), (10), (16), (17) and (19). Lemma is proved. O

Note that the proof shows that the formula (20) is valid without the fulfilment of the
conditions Wy (t) > 0 (A # 0) and (14).

In view of Lemma 2, the left-hand side of (20) is nonnegative for g(t) = f(¢) since
Wi (t) > 0 in the equation (2), (10), (11), and the condition (14) is equivalent that for
this equation

INEC, a,B€Z, 0€[a,fB], thenumber §>0:
p_l (ty )‘0) € B(H)v vt € [avﬁL (A)\o (a7 6) g, g) > 0 ||g||27 g e HP.

Therefore, in view of [20], fulfilment of (14) implies its fulfilment with 6 (\) > 0 instead
of the ¢ for A € C such that p~1 (¢, \) € B(H),V t € [o, 8]

(22)

Example 1. Let [[y] be a symmetric 2 x 2 -matrix differential operation of the second
order with a leading coefficient diag (p(t), 0), where p(¢) # 0, and

mlyl = - (( 8 q?t) ) y’>/ + P(t)y,

where ¢(t) > 0, the operator P(t) = P*(t) > 0. In this case, detp (¢, A\) # 0 (S\ #0),
Wix(t) >0 (SA #0) and (14) holds, although det p1(t) = det pi1(t) = det W (¢) = 0.

Definition 2. Every characteristic operator of the equation (2), (10), (11) corresponding
to the equation (1) is said to be a characteristic operator of the equation (1) on Z (or
simply c.0.).

Lemma 3. 1°. We establish a correspondence between the vector-function f(t) € C° (j)
and the vector-function Fx(t) that is obtained from (16) with X instead of \.

Then equation (1) is equivalent to equation (2) with coefficients (10), (11), weight
(13) and with F(t) = F\(t) for such X\ and t that p~' (¢, \) € B (H). Namely, if y(t) is



EXPANSION IN EIGENFUNCTIONS OF RELATIONS 143

a solution of the equation (1), then
x(t) = (t, A f)

(= ey ) @ (X5 @ (=) (¢t = wm) -

— =t m))) @y (|l — Am), r=2n>s,
(252 ov®) @ (Sjoy @ (w9 (¢l = am) -
(23) = — fls=dl (tm))) @ (—iy(”)(t)) , r=2n+1>s, r>1,
y(t)7 r=1,
(Z52 ov®) @ (Thoy @ (w9 (¢l = Am) —

— fEl@#m))), r<s=2n

(here f(Hm) =0 as k < 0)
is a solution of (2) with coefficients (10), (11), weight (13) and with F(t) = F5(t). Any
solution of the equation (2) with coefficients (10), (11), weight (13) and with such F(t)
is equal to (23), where y(t) is a solution of (1).
2°. Let M (X) be a c.o. of the equation (1), HP-valued vector-function F(t) € Ly, (T)

(in particular, one can set F(t) = F5(t), where f(t) € C1(I), m[f(t), f(t)] < ). Then
the integral (3) converges strongly and

(24) IRAF(@)172 ) < S (RAF, F)pa (1) /SA (SA#0).
A A

If, additionally, F(t) has compact support, then the inequality (24) is valid without
the requirement (14).

Proof. 1° is verified using direct calculations taking into account (7)—(11) and Lemma 1.

20 is proved in [20] for the general equation (2) satisfying a condition of type (22)
as Ao € A, and therefore it is proved for the equation (2) with coeflicients (10), (11),
weight (13). The statement 2° for F(t) with compact support is also proved in [20] for
the general equation (2) without a condition of the type (22). Lemma is proved. O

We notice that one can see from the proof that item 1° of Lemma 3 is valid without
the fulfilment of the condition Wy () > 0 (SA # 0) and (14).
One can deduce from Lemmas 1-3 the following.

Corollary 1. Let the vector-functions x(t), y(t) € C? ([o, B]), f(¢), g(t) € C* (e, B]),
p~t(t,\), p~L(t,u) € B(H) Vt € [, 8] C T and
Uyl = Amly] =m|f], llz] —pmz] =m]g].
Then Green’s formula is valid,
m [Xa, 8f (1) Xa.p2(t)] = m [Xa, gy (1) Xa,pg(t)] + (A = )M [Xa, sy (1), Xa,p(t)]
= ([iRQ())x (1, X, 1) y (¢ 1. )

where x (t, A, f) is defined by (23), y (¢, p, g) is defined in a similar way using x(t)
instead of y(t), g instead of f and quasi-derivatives that correspond to the expression
lz] — pm[x], Q(t) is defined by (10), (11).

We consider pre-Hilbert spaces H and H of vector-functions y(t) € C5 (I) and y(t) €
C* (I), m[y(t), y(t)] < oo, correspondingly, with the scalar product

(25) (f(®): 9(t)),, =m[f(8), 9(0)],
where m [f(t), g(¢)] is defined by (15).
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Definition 3. By zfn (Z) and L2, (Z) we denote the completions of the spaces H and
H in the norms || - ||, = +/(+, -),, correspondingly. By P we denote the orthogonal

o

projection in L2, () onto L2, (T).

We consider, in L2, (Z), the symmetric relation
L m(T) ~ o\ L (T)
(26) £ = {{a0). 30}1ae) ="y, g0 = g0,

y(t) € C§(2), g(t) € Gi (1), Uly] =mlg] .

Further we assume that £{, consists of pairs of the type { y(t), g(t) } We denote Lo = L.

In the following theorem the generalized resolvents Ry = ffooo dE“ of the relation
Lo are constructed and corresponding generalized spectral families E,, = E,_o [10] are

found. In this theorem we denote E, g = 3 (Egt0 + Es — Eato — Ea) , —oo < a<lfB<
0.

Theorem 1. 1°. Let M ()\) be the characteristic operator of the equation (1),

(27) oy (t, Fy) =col{y; (t. A, )Yj_, (i €M),
be the corresponding solution (3) of the equation (2) with coefficients (10), (11), weight
(13) and F(t) = F5(t), where Fx(t) is defined by (16) with X instead of A, f(t) € C* (Z),
m[f(t), f(t)] <oo (and therefore Fx(t) € L3y, () in view of (20)).
Then an integro-differential operator Ryf = y1 (¢, A\, f) which is densely defined in
L2 (T) and given by the first vector-valued component of the solution (27) is, after closing,
the generalized resolvent of the relation Lg.

20, Let M (A\)be the characteristic operator of the equation (1) (and therefore by [20]
SM(A)>0asSA>0)ando () = ’w—lgiifl&% o SM (1 + ig) dp be the spectral operator-
function that corresponds to M ().

Let E,, be the generalized spectral family corresponding to the generalized resolvent Ry
from the item 1° of this theorem. Then for any f(t) € C§ ( ) the equality

(28) Pﬂwfﬂ—P/ 1, do (1) @ (1 f),

is valid in L2, (T), where [X\(t)], € B (HP, 'H) is the first row of the operator solution
Xx(t) of the homogeneous equation (2) with coefficients (10), (11) that is written in the
matriz form and such that Xy (0) = I,

(20) wmﬂzéwnwmmm@

ifp~t(t,p) € B(H)Vt €T, p€la, fl.
Moreover, for f(t) € D (L)) (see (26)) and wzth r > s (or with r < s, if additionally

P (E1o — Ep) f(t) =0), the inverse formula in L2 (I)
(30) O =P [ X0)do () o £,

— 00

and Parceval’s equality

(31) m[f(t), gO)] = (¢ (1, ), (1 9))r2(R, d0) >
are valid, where g(t) € C§ (I).

Let us explain that, for r > s,



EXPANSION IN EIGENFUNCTIONS OF RELATIONS 145

o 0 o B o] 6
P/ = lim P/ + lim P/ ,
—o0 % « 4 ¥

a— — 00
B——0 y—+0

in (30), and for r < s,

oo

where the limits exist in L2, (Z). Similarly, [~
(31) for r < s.

f__ooo + f:g in the right-hand side of

co

Proof. Let for definiteness r < s = 2n (for r > s the proof becomes simpler due to

(10)—(12)).
19 Let S # 0. In view of the item 1° of Lemma 3, y; (¢, A, f) is a solution of (1).
Using (10) and Lemmas 1-3 one can show that

(32) ];)mk [yl (t7 A f)’ hn (tv )‘a f)] _%(kzomk [yl (t7 )‘7 f)a f(ﬂ])/%)‘

= (Wa@z (&, X, F) 2t N, 1)) e = SWA®) (A, ) Fi (1)) 4,0 /SN,

although for r < s the corresponding items in the right- and left-hand sides of (32) do
not coincide. Therefore!

||y1 (t: )" .f)“ign(a,ﬁ) -3 (yl (t7 )‘7 f) ) f(t))Lgn(a,ﬁ) /S)\
= [lz (t, A, f)||i%vk(a,g) =S (@t A f), FX(t))Lgvk(a,g) /SA.

In view of the item 2° of Lemma 3 a nonnegative limit of the right-hand-side of (33)
exists, when (o, 8) 1 Z. Consequently

(34) lyn (8 M52 ) < S (6N, F(0) 1 7y /SA
Since M (\) = M* (5\), then the operator Ry (3) in L%VA (o, B) with finite (o, 8) C T
possesses the property Ry = R}. Therefore ([RQ(t)] R\F, R;\G)|§ = 0. It follows from
Corollary 1 and (34) that Vf(t), g(t) € C* (Z) L2, (I)
mlyr (A ). gl=m[f, y1 (A g)]-
Thus the closure of the operator Ryf = y1 (t, A, f) in L2, (Z) possesses a property
(35) Ry = R}.
Since in view of (34) for any f(t),g(t) € C* () N L2, (Z) and with (a, 8) 1 Z,
WA )y Dz @ = W (X )y 92 1

uniformly in A from any compact set € C'/R, we see that, in view of analyticity of the
operator function M (\) and vector-function W (¢)F5 (¢), (17), the operator Ry depends
analytically on the non-real A in view of [15, p. 195].

Finally, similarly to the case s = 0 [20] using Corollary 1 it is verified that

(36) Ry (Lo— ) C1,
where I is the graph of the identical operator in L2, (Z).

Taking into account (34)—(36) and analyticity of Ry, we see in view of [10] that Ry is
a generalized resolvent of Ly. Item 1° is proved.

(33)

n particular this implies that

S (&A 5 F )12 (a,8) _UlBAN =Ulz (A f)]

A 282

s (60 D122 (o) —
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20. Let the vector-functions f(t), g(t) € C5(Z), X = pu+ie, GA(t) be defined by (16)
with g(t) instead of f(¢). In view of the Stieltjes inversion formula,
B

(Ea.p f; 9), = lim % ([ A= (X D] 9),, du
1 P )
=2 {(T/ (&0 f) G, @~ (@ (6 A ) Gx(’b‘))L%VA )

vai [ ((sp-loz ) 71 ) g (e at]
~Jim /a ’ KM()\) /I X5 ()W (1) Fy (H)dt, /I X;(t)W;(t)G,\(t)dt>

el0 271

- (M* (\) / XE(8) Wy () Fx(t)dt, / X;(t)WA(t)GA(t)dt)] dy

:/ (da u)/x (W, (6 Fu(t)dt, /X (DG, (t)dt)

where the second equality is a corollary of (10), (13), (20), (23), next to last is a corollary
of (3), and the last follows from the well-known generahzatlon of the Stieltjes inversion
formula [27, proposition (B), p. 803], [4, Lemma, p. 952]. But for pu € [«, ]

(38) / X ()W, (1) F ()t = / (X, (0],) m [f dt,

because, in view of (

VheH®: (/X t)F()dt,h)

= [ @B, Xuom) = [ ((X0,)" mln), B)ar
Due to (37), (38),

¢
(39) (B, . 9),, = / (do (1) 0 (s £), @ (s 9))-

Replacing ff in (39) by an integral sum and using (20), (38) we obtain that

B
(Ea.sf. 9),, = ( [ B0 do () s ). g(t))

. B
— (P [ EXel o 0o ). at0)
and (28) is proved.

Since Eoo f(t) = f(t) if f(t) € D(L}), passing to the limit in (28), (39) for ¢ —
—00, 8 — —0 and o — 40, § — oo we obtain (30) and (31). Item 2° and Theorem 1
are proved. (I

The following remark follows from [5, 6] and from [20, formula (1.70)].

Remark 1. If m[y] = w(t)y and if for the equation (2) with coefficients (10), (11) that
corresponds to the equation (6), the condition

(40) I eC, o, B 6>0: (A (o, B) g, 9)>6|gll° Vge Nt

holds true, then Ry f for any generalized resolvent Ry of Ly and any f(t) € Co(Z) have
the same representation as in item 1° of Theorem 1.

An analysis of the proof of Theorem 1 shows the following.
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Remark 2. If (14) is not assumed to hold, then we have the following: 1) item 1° of
Theorem 1 is valid either for f(t) € C* (Z), if the interval T is finite or for f(t) € C§ (Z),

if L2 (7) = L2, (T).

2) Identity (28) holds for L2, (Z), if one changes it as follows: a) o (i) is a spectral
function corresponding to PM (\) P (SPM (\) P > 0 as I\ > 0 [20]); b) remove P from
(28); ¢) f(t) € C* (T) and @ (i, f) = [; X:(t)W,(t)F,(t)dt, if the interval 7 is finite or
F(t) € G5 (T), i L2, (T) = L2, ().

The following theorem establishes a relationship between the generalized resolvents of
the relations Ly that are given by Theorem 1, and the boundary value problems for the
equation (1) with boundary conditions depending on the spectral parameter. Already in
the simplest case, where [ and m that generate (1) are self-adjoint differential operators we

see that the pair {y, f} satisfies the boundary conditions that contain both y derivatives
and f derivatives of corresponding orders at the ends of interval.

Theorem 2. Let the interval T = (a, b) be finite.

Let the operator-functions My, Ny € B (HP), depend analytically on the non-real \,
(41) M3 [RQ ()] My = NTRQ (D) VX (SA#0),
where Q(t) is the coefficient of the equation (2) corresponding by Lemma 3 to the equation
(1) (see (10), (11)),
(42) [Mah|| + [[Nah|| >0 (0#heHP, SA#£0),
the lineal {Mxh® Nyh|h € HP} C H?* is a mazimal Q-nonnegative subspace since
SN #£ 0, where @ = (SN) diag (RQ (a) , —RQ (b)) (and therefore
(43) SANX[RQ (D)] Ny = MA[RQ (a)] Ma) <0 (SA#0)).

Then for any f(t) € C* (f) the boundary problem that is obtained by adding the
boundary conditions
(44) Fh=h(\ f)eHP: x(a, \, f) = Mxh, z(b, A\, f)=Nh,
to the equation (1), where x(t, A, f) is defined by (23), has the unique solution Ry f
as S\ # 0. It is generated by the generalized resolvent Ry of the relation Lo that is

constructed, as in item 1° of Theorem 1, using the c.o.

M) =3 (X5 (@) My + X5 0)0G) (X5 (0) M — X5 (0)AR) ™ (6)

where )

(T @My =X BN € B(HY) (SA#0),
X () is an operator solution of the homogeneous equation (2) with coefficients (10), (11)
and such that X (0) = I.

Proof. Proof follows from Lemma 3, Theorem 1 and from from [20, Remark 1.1]. g
For s = 0, Theorem 2 is known (see [28, 5] as dim H < oo, [20] as r = 1, dim H = o).

Example 2. Let, in the equation (1), r =4, s = 2.
a) Let My = N, = I,,. Then the boundary conditions (44) can be represented in the
form
y(a)=y@®), ¥ (a)=y (),
(45) yP (alt) =y (b 1),
yPl(all = xm) — fU (alm) =y (6]l — xm) = fU (b |m).

In particular for the equation
(46) y TV Ay ) =S S
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conditions (45) have the form

(47) y(@)=y®), y(a)=y(b), y"(a)=y"(b),
y" (@) + f'(a) =y" (b) + f' (b).

b) If dim ™ = 1,
00 0 0 00 0 O
01 0 0 00 0 -1
Mi=1lo o010 M™M=t 00 of
00 0 1 01 0 O
then the boundary conditions (44) can be written in the form
(48) y(a) =y(b) =0, y'(a) =yP0), yall) = —y'(b).
In particular for the equation (46) conditions (48) have the form
(49) y(a) =y() =0, y'(a) =y"(b), y"(a)=—y'(b).
On functions satisfying either the boundary condition (47) with f(¢) = 0 or the bound-
ary conditions (49), expressions I[y] = y™) and m[y] = —y" +y define a self-adjoint and

symmetric operators correspondingly.

When the boundary conditions are such that [[y] defines a self-adjoint operator and
m[y|] defines only a symmetric operator on functions satisfying these conditions, then
the eigenfunction expansion of the special scalar equation (6) in the regular case is
constructed in [7, 14]. We note that, in the general case, the boundary conditions (44) are
not reduced to the boundary condition of 7, 14] type, since it is possible that conditions
(44) in the case [7, 14] do not imply s boundary conditions containing only the derivatives
of order up to s — 1.

In the next theorem, Z = R and condition (14) hold both on the negative semi-axis
R_ (i.e. as Z = R ) and on the positive semi-axis Ry (i.e. asZ = R_).

Theorem 3. Let T = R, the coefficient of the equation (6) be periodic on each of the
semi-azes Ry and R_ with periods Ty > 0 and T_ > 0 correspondingly. Then the
spectrums of the monodromy operators Xy (£T+) (Xx(t) is from Theorem 2) do not
intersect the unit circle as S\ # 0, the c.o. M () of the equation (1) is unique and equal
to

(50) M= (PO 41) (67 @220

where the projection P (X) = Py () (Py (A) + P_ (\) ™", Px (\) are Riesz projections of
the monodromy operators Xy (£T4) that correspond to their spectrums lying inside the
unit circle, (Py (\) +P_ (A\)"" € B(HP) as SA#0.

Also let dimH < oo, A={u€ R: detp(t, u) #0Vt € (=T, T+)}, a finite interval
A C A. Then in item 2° of Theorem 1 do(p) = doge (1) + dog(p), p € A. Here
Cac (1) € AC(A) and, for p € A,

(1) Ohe (1) = 3G (Q (1) GQ () — Q3 () Q4 (1)) O

where the projections Q. (1) = g+ (1) (Py (1) + P— (1)) ™", g+ (u) are Riesz projections
of the monodromy matrizes X,, (£T+) corresponding to the multiplicators equal to 1 such
that they are shifted inside the unit circle as p is shifted to the upper half plane, Py (1) =
Py (pp+10)); o (p) is a jump function.

Let us notice that the sets on which g+ (1), Py (1), (Py (1) + P— (1)) are not
infinitely differentiable do not have finite limit points € A as well as the set of points of
increase of o4 (u).
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Proof. Let the operator G be indefinite (otherwise the proof is modified in an obvious
way). The unitary dichotomy of the operators X (£7%) and the fact that M (X) (50) is a
c.o. of the equation (1) on (—=7_, T4 ) follow from [20, p. 161, 162]. Since X, (t £T4) =
Xa(#) X (£T1), t € Ry, and SAU [Xx(t)] does not decrease as SA # 0, we have that
M (M) (50) is a c.o. of the equation (1) on any finite Z and therefore it is a c.o. on the
axis.

Let for some non-real Ay the homogeneous equation (2) with coefficients (10), (11)

: 2 1

have a solution x(t) € Liy, (RY).

Since, for k € Z4,

#0135,y = D2 (Ao (KT 0)w (—GKT) o (~GKT-))

JOO
+ (A)\o (07 kT+) T (]kT-‘r) )y & (JkT+)) )
§=0
and using condition (14) on Z = Ry and estimates of the type [8, p. 290], we see that
x(0) € H_ () Hs+, where Hy are the invariant subspaces of the operators X (£7¢) that
correspond to their spectrums lying inside the unit circle. But H_ (| Hy = {0} [20,
p. 162]. Therefore in view of Lemma 1.5 from [20] the c.o. M (\) (50) is unique.
Formula (51) follows from [19, Theorem 13]. Decomposition do (1) = dogc (i) + dog,
1 € A as well as the remark after the formulating of Theorem 3 are proved in the same
way as similar statements in [18]. In the proof for r < s one should take into account
that Krein-Lyubarsky theory [22] for homogeneous periodic system (2) is still valid for
A€ AN R and when H)(t) contains A is a Nevanlinna manner; it can be seen analysing
the statement of this theory in [29, p. 147-150, 181-183] and the proof of Theorem 1.2
from [12, p. 305]. Theorem is proved. O

Example 3. Let dimH = 1, I[y] = (0)"y™, mly] = ()*"y@ +y, T = R (and

therefore L2 (Z) = L2, (Z)). In this case, Ey = Eo, the spectral matrix o (1) € ACioc,
and, in view of Theorem 3 for n =1,3,...,

n—1

/ _ 1 noAn _1.2n 2n—j

o' 1) = Gy 2N AT -k )12n+Z(k
(52) j=1

+ (—1)’*t! kf) (A7 4 (—1)7H1 A7) } (i),
since |u| < 3, where 22:1 =0, rgo’ () = 2, and ¢/ () = 0 as |u| > 4. For n =
2, 4, 6, ..., one has
1 n/2
Ly 2n—2j+1 _ 1.2j—1Y ( 42j—1 1-25Y (2 7y~ 1

(53) a(u)—m(kzn_l);(k L L) (A% 4 AV ()

since 0 < p < 1, where rgo’ (1) = 4, and o’ (1) = 0 as p ¢ [0,1/2]. In (52), (53) k =

—i4/ % V1_4”2, A = (iJ)"" H,(t), where the matrices .J and H,,(t) are independent

of t and defined by (10).
In particular, for n =1, |u| < 1/27
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And for n = 2, O<u<%7

10 0 "
o ( )471 1-+\/1-—4u2~ 1 0 1 U 0
W=\ 2u0—20) Vi-2pt+vitou| 0 p pn(-p 0
w0 0 p(l—p)

Remark 3. In the case r < s in contrast to the case r > s, the point spectrum of
the relation £, can be non-empty including the case when L, corresponds to the scalar
equation (1) with periodic coefficients on the axis.

Indeed let m[y] = —y"” + vy, l[y] = p(t)y, where p(t+4) = p(t) € C(R), p(t) =

1, 4k <t<d4k+1

0, 4k +2<t<4k+3
U[4k + 2,4k + 3], the pair {y(t), 0} € L{, i.e. the point spectrum of L{, contains A = 0.

. Then for any function y(t) € CZ(R) such that suppy(t) C

k
Similarly an example for r =1, r = 2, s = 2 is constructed.
The following remark is proved similarly to Theorem 3.

Remark 4. Let Z = R, the coefficients of the equation (6) be periodic with the period
T > 0. Then

1) Any c.o. of the equation (1) is found by combining the formula (4.4) from [20] and
the formula (50).

2) If oo > dimH? = 2k, L is a k dimensional G-neutral subspace (see [8]), then
the c.o. of the equation (1), which corresponds to a self-adjoint boundary condition in
zero, x (0, A, f) € L, is given by the formula (36) from [18]. The corresponding spectral
matrix-function o(u)(dog.(p), n € AL) is given for r > s (r < s) by Theorem 6 from
[18], starting from the monodromy matrix X (T') of the equation (6), where Ay is an
analog of A from Theorem 3.
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